ALGEBRAIC DE RHAM COHOMOLOGY
BOWEN LIU

ABSTRACT. In this note, we will introduce the algebraic de Rham coho-
mology for a smooth complex variety X. To be explicit, we mainly concern
about the following aspects.

On one hand, we will introduce the comparison theorem between the
algebraic de Rham cohomology of X and the singular cohomology of its
underlying manifold, and we will also introduce the local system valued
version of comparison theorem.

On the other hand, we also introduce the so-called Hodge to de Rham
spectral sequences, some results and consequences about its E1-degenerations
in both characteristic zero and positive characteristic.
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0. NOTATIONS

(1) X always denotes a complex manifold or a smooth complex algebraic
variety.

(2) #,¥4 always denote sheaves.

(3) & always denotes an invertible sheaf.

(4) 7 always denotes a local system.

(5) & always denotes a (quasi)-coherent sheaf or a locally free sheaf.

(6) .# always denotes an injective sheaf or an acyclic sheaf.
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1. INTRODUCTION

1.1. Comparison theorems. In the intersection between topology and
geometry, there are some so-called comparison theorems, which explain
the cohomology groups defined in different settings reflect the same infor-
mation of the manifold in fact.

Let X be a smooth manifold. In the setting of topology, we may consider
its singular cohomology H, g(X ,C), which is given by the cohomology of
singular cochain complex with C coefficients. On the other hand, in the
setting of differential geometry, we can use the de Rham theory to define
its de Rham cohomology H;,(X), which is defined by the cohomology of the
following complex

0—rx,0) -4 rx,obh -4 L, —o,

where I'(X ,Q’%) is the C-vector space of differential £-forms on X, and n is
the dimension of X.

The classical comparison theorem says that the singular cohomology of
X is isomorphic to its de Rham cohomology.

Theorem 1.1.1. Let X be a smooth manifold. Then there is the following
isomorphism
H:ing(X,C) = H;p(X).

The proof of above comparison theorem is based on the sheaf theory.
Given any sheaf % on a smooth manifold X, we may choose an injective
resolution of & — #°. Then the sheaf cohomology is defined by

H*X,Z)=H*"T(X,%°")).

In this setting, the classical Poincaré lemma can be rephrased as the fol-
lowing sequence of sheaves

0—-c—-0%2ald Lar_o

is exact, and thus it gives a fine resolution of the constant sheaf C.

In other words, in the sheaf-theoretic setting, the de Rham cohomology
is exactly the sheaf cohomology of the constant sheaf C, and similarly the
singular cochain also gives! a resolution which can be used to compute the
cohomology of constant sheaf C. Thus the sheaf cohomology builds a bridge
which connects singular cohomology and de Rham cohomology.

In the algebraic setting, there is also an algebraic version of de Rham
complex. Let X be a smooth complex variety (with Zariski topology). The

1A good reference is [Wel80].
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algebraic de Rham complex QY is defined to be the complex of sheaves of
regular differentials as follows

ox ol % Lar—o.
On the other hand, X has an underlying structure of complex manifold, de-
noted by X?". So it’s natural for us to conjecture that there is a comparison
theorem, but in general
H*

sing(Xan,C) ZH*(I'(X,Q%)).
In order to obtain the “right” comparison theorem, we need to consider the
hypercohomology of the complex instead of simply taking global sections
and then taking its cohomology.

The first goal of this note is to introduce the following comparison theo-

rem and its local system valued version.

Theorem 1.1.2 ([Gro66a]). Let X be a smooth complex variety and X" be
the underlying complex manifold. Then there is the following isomorphism

H*(X",C) = H" (X, Q%).

Theorem 1.1.3 ([Del70]). Let X be a smooth complex variety and X*" be
the underlying complex manifold. Let & be a vector bundle on X equipped
with a regular integrable connection V and 7 = £V=0 be the local system of
horizontal sections on the underlying complex manifold X%*. Then there is
the following isomorphism

H* (X, 7)=2H"(X,Q%(&)).

1.2. Hodge to de Rham spectral sequences. In the setting of differen-
tial geometry, we don’t concern about the cohomology of the sheaf of dif-
ferential k-forms, since they’re so-called fine sheaves and thus they don’t
have any cohomology but zero degree. But in the setting of complex geom-
etry, things become more rigid and we also concern about the cohomology
of sheaves of holomorphic p-forms, also denoted by Qé’(. The holomorphic
Poincaré lemma implies that the following complex

3 i3
0—-0F —P? Lobt 2. | Z.oP" .0

is a fine resolution of Q’;(, and thus the Dolbeault cohomology H?9(X) :=
HY(I'(X,Q%")) computes the sheaf cohomology of QF.

One of the most important results in complex geometry is the following
Hodge decomposition theorem, which relates the topology information and
holomorphic information together.
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Theorem 1.2.1 (Hodge). Let (X,w) be a compact Kédhler manifold. Then
there is a decomposition

H:Y X2 @ HPUX).
p+q=k
A natural equestion is to ask is there any analogy of Hodge decomposi-
tion in the setting of algebraic geometry. The answer is affirmative, and
that’s the E{-degenration of Hodge to de Rham spectral spectral we’re go-
ing to introduce.
Let X be a smooth complex variety of dimension n. The Hodge filteration
on the algebraic de Rham complex QY% is given by

Q5 =F°Q% o F1Q5 o - 5 F"Q% o {0},
where
FPQY%: 0—»---—»0—»9%—»---—»(2?(.
By the standard theory of spectral sequence, this filteration gives a spectral
sequence, which is called the Hodge to de Rham spectral sequence.

Theorem 1.2.2 (E{-degeneration). Let X be a smooth projective complex
variety. The Hodge to de Rham spectral sequence attached to algebraic de
Rham complex

Ef’q = Hq(X,fo) = HP (X, Q%)
degenerates at E1-page.

It’s clear that the Hodge decomposition theorem implies the E-degeneration
of Hodge to de Rham spectral sequence since every projective manifold is
Kaihler. However, for a long time no algebraic proof of E{-degeneration was
known until P. Deligne and L. Illusie’s work in positive characteristic, and
the standard degeneration arguments allow to deduce the degeneration of
the Hodge to de Rham spectral sequence in characteristic zero.

Theorem 1.2.3 ([DI87]). Let £ be an algebraically closed field with char-
acteristic p > 0. Let X/k be a smooth proper variety which is Wy(k)-liftable
and of dimension < p. Then the Hodge to de Rham spectral sequence de-
generates attached to algebraic de Rham complex at E;-page.
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Part 1. Preliminaries

In this part we select some basic definitions and techniques which may
be used later, it’s independent of our main topics, so feel free to skip this
part and return back when you’re not familiar with some certain proper-
ties.

2. SPECTRAL SEQUENCE
In this section, we always assume % is an abelian category.

Definition 2.1. A double complex K*° consists of objects KP? € € for
(p,q) € 72, together with two sorts of differentials

(1) The horizontal differential §, which maps KP9 to KP+1:4.
(2) The vertical differential d, which maps K?*9 to KP-4*+1,

such that 62=d2=0and do§=60d.

Definition 2.2. A morphism ¢: K** — L** of double complexes consists of
homomorphisms ¢?-?: K9 — LP-? which are compatible with differentials.

Definition 2.3. Let K** be a double complex. Then the total complex
(K*,D) of K** is defined by

K" = KPP,
2,
where D = 6§ +(—-1)7d.

Definition 2.4. Let K** be a double complex and K" be its total complex.
The first filteration F; is given by the subcomplexes FI’; =@®;>p K"/, with

degree n component ;- , K""".

Definition 2.5. Let K** be a double complex and K" be its total complex.
The second filteration F}; is given by the subcomplexes F{; =®;sp K",

with degree n component @ ., K n=J.J

Let (K**,6,d) be a double complex and (K*,D) be its total complex equipped
with a filteration F'. For any integer r = 1, we define a new filteration

+1
cZPTczZP .

>

where Z? = {x e FP | Dx € FP*"}, and the (p + ¢)-component of ZZ is denoted
by Z2?. The E,-page of the spectral sequence is defined to be

Ep?q — nyq
T T Fp+lKp+q +D(Fp-r+1Kp+q-1y
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Now let’s construct the differential
d,: EPA _,Ep+r,q—r+1
B ” .

Let a € E2? be represented by some x € FP such that Dx € FP*". Then
Dx € FP*" will be a representative of d,(a). To see it’s independent of the
choice of x, it suffices to show for x € FP*1KP*+4 the class of Dx in EP747"+1
is trivial. It’s clear, since Dx € D(FP*1KP*9) which is zero in EP 77777 *1,

Remark 2.1. The begining terms of a spectral sequence are easy to under-
stand, that is,

EP? = HPHI(FP/FPHY),
and the differential dy: HP*4(FP/FP*ly — HP+I*Y(FP+1/FP+2) i5 the con-
necting homomorphism in the exact sequence of complexes

0— FPTYFP*2 _ pP/FP+2 _ FP/FPHL 0,
Proposition 2.1. The maps {d,} satisfy df =0, and the cohomology

ker(d,: EP'? — EPT 7 Yy im(d, : EPTTT L EPY)

p.q

identifies canonically with E'7 .

Proof 1t’s clear that d2 =0 as D2 = 0. Now let’s describe the group
A= ker(dr; Ef’q _ Ef+r,q—r+1).

It consists of classes in E2*? represented by some x € FPKP*4 such that Dx
is of the form y + Dz, where y € FP*T+1KP+7+q and z € FPTIKP*4,

As the class of z in E?? is zero, the class of x is represented also by
x —z, which satisfies D(x —z) = y € FP*"*1_ This gives a well-defined map
f: A — E”Y, mapping the class of x to the class of x —z, which is also
surjective.

The kernel of f consists of the classes of x € FPKP*7 such that x — z is of
the form u + Dv, where u € FPT1KP*? and v € FP"KP*4~1 In other words,
one has

x—z—-u=Duv.
Since the class of x is also represented by x — z — u, this shows [x] € E2*?
is equal to d,([v]), and thus the kernel of f is contained in the image of
d,. The same argument proves the inverse inclusion, which completes the
proof. 0

Proposition 2.2. If the filteration F of K* satisfies that for every n there
exist m, < q, such that K" NnF9 =0 and K" < F™», then the spectral
sequence converges to the H;,(K*), that is,

ES? =FPHP*Y(K").
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Proof. Proposition 1.2.2 in [Bry08]. 0

Definition 2.6. A spectral sequence degenerates atE,.ifE, =E, 1 =---=
E.

Definition 2.7. Let E;* and (E})** be two spectral sequences. A mor-
phism of spectral sequence means for each r, there is a homomorphism
¢r: EXY — (E"2'? such that d, o ¢, = ¢, od,

Proposition 2.3. Let E;* and (E)** be convergent spectral sequences and
¢, E2? — (E"2? be a morphism of spectral sequences. If for some s, the
morphism ¢; is an isomorphism, then ¢, is an isomorphism for all r = s,
including r = oco.

Proof. Proposition 1.2.4 in [Bry08]. 0
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3. SHEAF AND ITS COHOMOLOGY

Along this section, X denotes a topological space unless otherwise speci-
fied.

3.1. Sheaves.

3.1.1. Sheaves and its morphisms.

Definition 3.1.1. A presheaf of abelian group % on X consisting of the
following data:

(1) For any open subset U of X, % (U) is an abelian group.
(2) If V € U are two open subsets of X, then there is a group homomor-
phism ryy: F(U) — (V). Moreover, above data satisfy
I #(@)=0.
II ryy =id.
III If W €V < U are open subsets of X, then rgyw =ryworyy.
Moreover, % is called a sheaf if it satisfies the following extra conditions

IV Let {V;}ic1 be an open covering of open subset U < X and s € #(U).
If sly, :=ryv,(s)=0for all i € I, then s = 0.

V Let {V;};cr be an open covering of open subset U € X and s; € #(V;).
If silv,nv; = sjlviav; for all i,j € I, then there exists s € &#(U) such
that sly, =s; forall i € I.

Example 3.1.1. For an abelian group GG, the constant presheaf assign
each open subset U the group G itself, but in general it’s not a sheaf.

Definition 3.1.2. A morphism ¢: % — ¢ between presheaves consisting
of the following data:

(1) For any open subset U of X, there is a group homomorphism ¢@(U): & (U) —
4U).

(2) If U < V are two open subsets of X, then the following diagram com-
mutes

7@ 29 gan

\L"UV \L"UV

7v) 22 g,

Notation 3.1.1. For convenience, for s € #(U), we often write ¢(s) instead
of p(U)(s).

Remark 3.1.1. The morphisms between sheaves are defined as morphisms
of presheaves.
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Definition 3.1.3. A morphism of presheaves ¢: # — ¥ is called an iso-
morphism if it has two-sided inverse, that is, there exists a morphism of
presheaves ¥: ¢ — & such that yogp =ids and oy =idy.

Remark 3.1.2. A morphism of presheaves ¢: & — ¥4 is an isomorphism if
and only if for every open subset U € X, ¢p(U): #(U) — 4(U) is an isomor-
phism of abelian groups.

3.1.2. Stalks.

Definition 3.1.4. For a presheaf & and p € X, the stalk at p is defined as
Fp =limFU)
peU

Remark 3.1.3. In order to avoid language of direct limit, we give a more
useful but equivalent description of stalk: For p e UNnV, sy € #(U) and
sy € #(V) are equivalent if there exists p € W < U NV such that sy|w =
sylw. An element s, € %,, which is called a germ, is an equivalence class
[sul

Notation 3.1.2.

(1) For s€ #(U) and p € U, s|, denotes the equivalent class it gives.
(2) For s, € #,, s € #(U) denotes the section such that s|, =s,.

Definition 3.1.5. Given a morphism of sheaves ¢: % — ¥, it induces a
morphism of stalks ¢, : %, — %, as follows:

Sp— @(s)lp.

Remark 3.1.4. It’s neccessary to check the ¢, is well-defined since there
are different choices s such that s|, =s,.

Proposition 3.1.1. Let ¢: % — ¢ be a morphism between sheaves. Then
¢ is an isomorphism if and only if the induced map ¢,: %, — ¥, is an
isomorphism for every p € X.

Proof. 1t’s clear if ¢ is an isomorphism between sheaves, then it induces an
isomorphism between stalks. Conversely, it suffices to show ¢(U): #(U) —
%4(U) is an isomorphism for every open subset U € X.

(1) Injectivity: For s,s’ € #(U) such that ¢(s) = ¢(s’), by passing to stalks
one has @,(sl,) = ¢,(s'ly) for every p € U, and thus s|, = s'|, since ¢,
is an isomorphism. By definition of stalks there exists an open subset
V, €U containing p such that s agrees with s’ on V},. Then it gives an
open covering {V,} of U, and by axiom (IV) one has s =s" on U.
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(2) Surjectivity: For t € 4(U), by passing to stalks there exists s, € %, such
that ¢,(s,) = t|, for every p € U since ¢, is surjective. By definition of
stalks there exists an open subset V, €U containing p and s € %(V},)
such that ¢(s) =t on V,. This gives a collection of sections defined
on an open covering {V,} of U, and by injectivity we proved above one
has these sections agree with each other on the intersections. Then by
axiom (V) there exists a section s € & (U) such that ¢(s) =¢.

O

3.1.3. Sheafification. In Example 3.1.1, we come across a presheaf that is
not a sheaf. To obtain a sheaf from a presheaf, we require a process known
as sheafification. One approach to defining sheafification is through its
universal property.

Definition 3.1.6. Given a presheaf & there is a sheaf #* and a morphism
0: F — F*, called sheafification with the property that for any sheaf ¢
and any morphism ¢: & — % there is a unique morphism ¢: % — % such
that the following diagram commutes

F g

i

The universal property shows that if the sheafification exists, then it’s
unique up to a unique isomorphism. One way to give an explicit construc-
tion of sheafification is to glue stalks together in a suitable way. Let & *(U)
be a set of functions

f:U— ]_[ Fp
peU
such that f(p) € &, and for every p € U there is an open subset V, c U
containing p and t € #(V}) such that ¢|, = f(q) for all g € V,,.

Proposition 3.1.2. Z 7 is the sheafication of &.

Proof. Firstly let’s show &% is a sheaf: It’s clear &7 is a presheaf, so it
suffices to check conditions (IV) and (V) in the definition. Let U < X be an
open subset and {V;} be an open covering of U.

(1) If s € Z*(U) such that sly, = 0 for all i, then s must be zero: It suffices
to show s(p) =0 for all p e U. For any p € U, then there exists an open
subset V; contains p, hence s(p) = sly,(p) = 0.

(2) Suppose there exists a collection of sections {s; € Z*(V;)};ecr such that

silvinv; = 8jlvinv;
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holds for all i, € I. Now we construct s € & *(U) as follows: For p e U
and V; containing p, we define s(p) = s;(p). This is well-defined since
s; agree on the intersections, so it remains to show s € 7 (U). It’s clear
s(p)€ F,. For p €U, there exists V; containing p, and thus there exists
W; € V; containing p and ¢ € (W;) such that t|; = s;(q) = s(q) for all
qE€ Vp.

There is a canonical morphism 0: % — &% as follows: For open subset

UcX,and se ZF(U), 6(s) is defined by

6(s): U — ]_[ Fp
peU
p— Slp.

Note that if & is a sheaf, the canonical morphism 6: & — &7 is an isomor-

phism.

(1) Injectivity: If s € % (U) such that s|, =0 for all p € U, then there exists
an open covering {V;};er of U such that s|y, = 0, by axiom (IV) of sheaf
one has s =0.

(2) Surjectivity: For f € #*(U) and p € U, there exists p € V, €U and
t € #(V,) such that f(p) = t|, by construction of #*. Then glue these
sections together to get our desired s such that 6(s) = f.

Finally let’s show Z#* statisfies the universal property of sheafification.
A morphism of presheaves ¢: & — ¢ induces a map on stalks

Qp: Fp—%Gp.
For f € Z*(U), the composite of f with the map

Hep: L F— 1%

peU peU peU
gives a map @(f): U — [,y %y, and in fact ¢(f) € 47 (U): For p € U,
¢(f)p) € 9, since f(p) € F, and ¢,: F, — 4,. If for all g € V,, we have
tlg = f(q), then
(@) = @qa(f(q)) = @q(tly) = (D)4

Since ¥ is a sheaf, the canonical morphism 0’: ¢ — ¢* is an isomorphism,
so we can define g: =60'"1o@. Now let’s show ¢ =pof =0"1opoh. It’s
easy to show they coincide on each stalk since ¢, = 0;,‘1 o@p,o0,, and thus

¢ = ¢ o0 by Proposition 3.1.1. Furthermore, uniqueness follows from the
fact that ¢, is uniquely determined by ¢p,. [l

Remark 3.1.5. From the construction, one can see the stalk of & at p is
exactly 7.
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Remark 3.1.6. The sheafification can be described in a more fancy lan-
guage: Since we have sheaf of abelian groups on X as a category, denote it
by Aby, and presheaf is a full subcategory of Aby, there is a natural in-
clusion functor ¢ from category of sheaf to category of presheaf. The sheafi-
fication is the adjoint functor of :.

Example 3.1.2. For an abelian group G, the associated constant sheaf G
is the sheafication of the constant presheaf. By the construction of sheafifi-
cation, G can be explicitly expressed as

G(U) = {locally constant function f: U — G}
3.1.4. Exact sequence of sheaf. Given a morphism ¢: &F — ¢ between sheaves
of abelian groups, there are the following presheaves
U — keroU)
U—imeU)
U — cokero(U),
since (U): F(U) — 4(U) is a group homomorphism.

Proposition 3.1.3. The kernel of a morphism between sheaves is a sheaf.

Proof. Let {V;};c; be an open covering of U.

(1) For s e kerp(U), if sly, =0, then s = 0 since s is also in F(U).

(2) If there exists s; € ker p(V;) such that Silv;nv; = 8jlv;nv;s then they glue
together to get s € #(U). Note that

Py, = p(Vi)sly;) = p(Vi)(s;) =0

Then s € ker p(U).
O

But the image of morphism may not be a sheaf. Although we can prove
the first requirement in the same way, the proof for the second requirement
fails: If there exists s; € im¢(V;), and we can glue them together to get a
s €%4(U), but s may not be the image of some ¢ € #(U). The cokernel fails
to be a sheaf for the same reason.

Definition 3.1.7. Let ¢: &% — % be a morphism between sheaves of abelian
groups. Then the image and cokernel of ¢ is defined to be the sheafifica-
tion of the following presheaves

U—imeU)
U — cokerp(U)

respectively.
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Definition 3.1.8. For a sequence of sheaves:

ﬁgl—l(pl_iigl £9i+1 s
It’s called exact at F', if kerp’ =im¢' 1. If a sequence is exact at every-
where, then it’s an exact sequence of sheaves.

Definition 3.1.9. An exact sequence of sheaves is called a short exact
sequence if it’s of the form

0729 . 0.
Proposition 3.1.4. Let ¢: & — ¢ be a morphism between sheaves of abelian
groups. Then for any p € X, one has
(kerg), =kerg,
(img), =ime,.
Proof. (1). It’s clear (kerg), < kerg,. Conversely, if s, € ker¢,, then
¢pp(sp) = 0€%,. In other words, there exists an open subset U contain-
ing p and s € #(U) such that s|, = s, and ¢(s)|, = 0, which implies there is
another open subset V containing p such that ¢(s)ly =0. Hence ¢(s|y) =0,
that is, sly € kerp(V). Thus s, = (s|v)|, € (kerp),.

(2). It’s clear (im¢), Sim ¢, since the sheafication doesn’t change stalk.
Conversely, if s, € im¢,, then there exists ¢, € %, such that ¢,(t,) = sp.
Suppose t € Z(U) is a section of some open subset U containing p such that
tlp =tp. Then @(t)|, = ¢p(tp) = s,. In other words, s, is in the stalk of the
image presheaf at p, but the sheafication doesn’t change stalk, so we have
sp € (im@)y. OJ

Corollary 3.1.1. The sequence of sheaves
..._,gi—l‘ﬁgi ii,gz”l —

is exact if and only if the sequence of abelian groups are exact

for all p e X.
Corollary 3.1.2. The the sequence of sheaves
0—-F -9

is exact if and only if for any open subset U, the following sequence of
abelian groups is exact
0—-FU)—%W).
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Proof. For each p € U, we have
Yp: Fp—%p

is injective. That is ker¢, = 0. So we obtain (kerp(U)), =0 for all p e U.
But for a section s € #(U) if we have s|, =0, then we must have s =0, and
thus kerp(U) =0. U

Example 3.1.3. Let X be a complex manifold and &x be its holomorphic
function sheaf. Then

0—21vV-1Z - 0x 22 63 -0
is an exact sequence of sheaves, which is called exponential sequence.

Proof. The difficulty is to show exponential map is surjective on stalks at
p € X. That is we need to construct logarithms of functions g € 05 (U) for
U, a neighborhood of p. We may choose U is simply-connected, then define

d
logg(q) =logg(p)+ b
Yaq

for g €U, where y, is a path from p to q in U, and the definition of log g(q)
is independent of the choice of y, since U is simply-connected. U

Remark 3.1.7. In fact, U is simply-connected is crucial for constructing log-
arithm. If we consider X = C and U = C\{0}, then

exp: Ox(U) — Ox(U)
cannot be surjective.
3.1.5. Direct image.

Definition 3.1.10. Let f: X — Y be continuous map between topological
spaces and % be a sheaf of abelian groups on X. The direct image of %,
denoted by f..%, is a sheaf on Y defined by

[ FU) = F(fTH Q).
Proposition 3.1.5. f.: Aby — Aby is a left exact functor.
Proof. Given an exact sequence of sheaves on X
0-F -7 ->F".
Then we need to show

O_’f*g,_’f*g_’f*gn
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is also an exact sequence of sheaves on Y. By Remark ?? it suffices to show
that for any open subset V €Y, we have the following exact sequence

0— [+ F' (V)= [L.F (V) — fLF"(V),
and that’s exactly
0—ZF'(f V)= Z( V) —F"(f V).

Since f is continuous, then f~1(V) is an open subset in X, and thus above
sequence of abelian is exact since 0 — &' — % — Z" is exact. O

3.2. Sheaf cohomology.

3.2.1. Derived functor formulation. Let Aby denote the category of sheaves
of abelian groups on X. In this section we will introduce sheaf cohomology
by considering it as a derived functor.

Given an exact sequence of sheaf as follows

0L g ogn

By taking its section over open subset U, we obtain a sequence of abelian
groups
U U
0— 7% zan"™ ")
Above sequence is not only exact at %'(U), but also is exact at Z(U). In
other words, the functor given by taking section over open subset is a left
exact functor.

(1) Firstly let’s show kery(U) 2im¢p(U). For s € F'(U), if we want to show
po(s) =0, it suffices to show (o (s))l, =0 for all p € U since F" is
a sheaf. For any p € U, by considering stalk at p we obtain an exact
sequence of abelian groups

;Do Yp "
Oﬁgp—n@p—ngp.

Then we obtain vy, 0 ¢,(s|,) = 0, which implies (1 o ¢(s))|, = 0.

(2) Conversely, Given s € kery(U), we have s|, € kery, for any p e U. By
exactness of stalks, there exists ¢, € 37}’, such that ¢,(¢,) = s|,. Thus
there exists an open subset V; containing p and ¢; € &#'(V;) such that
¢(¢;) = sly,. Now it suffices to show these ¢; can be glued together to
obtain ¢ € #(U), and since & is a sheaf, it suffices to check these #; agree
on intersections V; N V;. Note that ¢(¢; —t;lv,nv;) = slv;av; = slvinv; =0,
then these t; agree on intersections since ¢ is injective.
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In homological algebra, we always consider the derived functor of a left
or right-exact functor. In particular, the functor of taking global section is
a left exact functor, and its right derived functor defines the cohomology of
a sheaf. Before we come into the definition of derived functor, firstly let’s
define the injective resolution of a sheaf.

Definition 3.2.1. A sheaf .# is injective if Hom(—,.¥) is an exact functor.

Definition 3.2.2. Let & be a sheaf. An injective resolution of % is an
exact sequence

0-F -9 gt~ g2
where .#? are injective for all i.

Theorem 3.2.1.

(1) Every sheaf admits an injective resolution.

(2) Let # — #° and ¥ — ¥° are two resolutions and ¢: & — ¥ be a mor-
phism of sheaves. Then there exists a morphism ¢: .#* — ¢* which lifts
¢, which is unique up to homotopy.

Proof. Proposition 1.1.15 in [Bry08]. 0

Theorem 3.2.2. Let 0 - & — ¥ — 2 — 0 be an exact sequence of sheaves
of abelian groups. Let & — .#° and £ — _#° be injective resolutions. Then
there exists an injective resolution ¢4 — £ ° such that the following dia-
gram commutes

|
x
|

0 0 0
with each sequence 0 — " — £" — ¢ — 0 is exact.
Proof. Proposition 1.1.18 of [Bry08]. [l

Definition 3.2.3. Let & be a sheaf of abelian groups. Then its cohomol-

ogy
HP(X,Z).=HP(I'(X,#")).
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Remark 3.2.1. The Theorem 3.2.1 shows that the definition of sheaf coho-
mology is independent of the choice of injective resolution.

Example 3.2.1. The cohomology of zero degree consists of the global sec-
tions.

Example 3.2.2. If Z is a injective sheaf, then Hi(X,%) =0 for all i > 0,
since the sheaf cohomology of injective sheaf can be computed by using the
following special injective resolution

0-F Lz 0-0-...
Theorem 3.2.3 (zig-zag). If
0-F -G —7—0

is a short sequence of sheaves, then there is an induced long exact sequence
of abelian groups

0—H'X,7)— HX,9)—» H'X,#)—> H\(X,Z)—> H\(X,9) — ...
Proof. Corollary 1.1.19 in [Bry08]. 0

3.2.2. Hypercohomology. In homological algebra, the hypercohomology is
a generalization of cohomology functor which takes as input not objects in
abelian category but instead chain complexes of objects.

Definition 3.2.4. Let &° be a bounded below? complex of sheaves on X.
The hypercohomology of the complex & ° is defined by the total cohomol-
ogy of the double complex I'(X,.#°°), where .#7-° is an injective resolution
of #? for each p.

In fact, we can find the following injective resolution with better proper-
ties.

Proposition 3.2.1. Let (¥°,d#) be a bounded below complex of sheaves
on X. There exists a double complex (.#°*,d,d) with .#7-? =0 for ¢ <0, and
a morphism of complexes u: Z* — (£ d) such that

(1) For each p € Z, the complex of sheaves (#7>*,d) is an injective resolution
of FP.

(2) For each p € Z, the complex of sheaves im{§: .#P~1* — #P*} c #P* is
an injective resolution of im{dg : P~ 1 — FP}.

(8) For each p € Z, the complex of sheaves ker{§: .#P* — gP+1*} c #P-* ig
an injective resolution of ker{dg : P — FP*1},

2From now on, we always assume our complex of sheaves of abelian groups is bounded
below for convenience.



20 BOWEN LIU

(4) For each p € Z, the complex of sheaves A#P-*(.#°°) (the horizontal coho-
mology) is an injective resolution of AP (F*).

Furthermore, the morphism between complexes of sheaves induces mor-
phism of double complexes, which is unique up to homotopy.

L —s gp Ll gpl _ \ gptLl

AN N AN

L, — P10y gp0 _y gptl0

N N AN

. — gpl S P s gptl

Proof. Since &° is bounded from below, so we may choose k& such that #? =
0 for p < k. Firstly we construct an injective resolution #?* of AP(F")
for all p, and an injective resolution Z*? for im{dg : FP~1 — ZP}. Then by
Theorem 3.2.2 there is an injective resolution .#?* of ker{dgz : F9 — F91}
such that the following diagram commutes

0 —— &P y PP S S|

T T I

0 — im{dg: FP! - FP} —— kerldgy: FI - FI} — HP(F*) — 0.

Then by induction on p, we may use Theorem 3.2.2 again to construct an
injective resolution .#7* of #? such that the following diagram commutes

0 — > PP S PP S gptle 4

T | 1

0 — ker{dg: 7 — F9*1) s P S im{dg: FP — FPH} — 3 0.

The horizontal differential d: .#7>* — #P*1* is defined to be the composi-
tion of the maps .#P* — P+l — pp*le _, gp+lLe Thijs gives the desired
double complex .#°°. O

Theorem 3.2.4. Let &° be a bounded below complex of sheaves on X. Then
there is a spectral sequence converging to the hypercohomology H*(X, % °)
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with Ef’q = HY(X,%P). The differential d;: HY(X,%?) - H1(X,ZP*1) is
induced by the morphism of sheaves #? — ZP+1,

Proof. Let .#°° be an injective resolution of % ° and consider the first filter-
ation of the double complex I'(X,.#°*). Note that the E;-page is the ver-
tical cohomology, that is, Ef’q is the degree g-cohomology of the complex
I'(X,#P*). Since .#*? is an injective resolution of the sheaf %?, we have
E{’q =HY(X,FP).

As the complex &° is bounded below, by Proposition 2.2 one has the
spectral sequence converges to the total complex of I'(X,.#°°), that is, the
hypercohomology H* (X, %°). 0

In fact, the hypercohomology generalize the usual sheaf cohomology, since
for any sheaf &, it gives a complex of sheaves & °[0], and compute its hy-
percohomology, which will recover the sheaf cohomology of .

Definition 3.2.5. For a sheaf %, the shifted complex % °[n] is a sheaf of

complex defined by
F, i=n
0, otherwise.

(ZF'[n)) = {

Corollary 3.2.1. Let #° be a complex of sheaves on X. If each sheaf in
Z* is acyclic, then there is an isomorphism between the hypercohomology
H*(X,%°*) and the cohomology groups of the complex

= TX,FPH - T(X,FP)— ...
In particular, the hypercohomology is a generalization of the usual coho-
mology.
Proof. Note that the assumption means that the spectral sequence attached
to the complex F* satisfies E)’? = 0 for ¢ > 0, and thus it degenerates at

Ey-page. This shows H?(X,Z°) = Eg ’0, which is the cohomology groups of
the complex
= TX,FP - TX,FP)— ...

as desired. O
3.3. Cech cohomology.

3.3.1. Cech cohomology of presheaf. Let & be a presheaf on X and 4 =
{Ua}aes be an open covering of X. For convenience, we use U,p to denote
the intersection U,NUpg, and similarly for U,g,. Now consider the following
complex

0— 7)) > ol 7)) -2 2, F) — ..,
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where CP(U, F) =[] Way...ap)s and the differential 6 is defined by

§: CP(U,F) — CPHI (U, F)
p+1 )
w— Z (_1)lwao...7x\i...ap+1~
1=0
A routine computation shows that (CP (4, %),5) forms a complex.

Definition 3.3.1. The Cech cohomology of presheaf & with repest to
open covering il is defined by the cohomology of the complex (CP (i, %), ).

Note that the definition of Cech cohomology depends on the choice of
the open coverings, so it’s natural to ask what will happen if we consider
different open coverings.

Lemma 3.3.1. Given i = {Uy}qer an open cover and B = {Vg}ges a refine-
ment, if ¢, are two refinement maps J — I, then there is a homotopy
operator between ¢* and y*.

Proof Define K: C1({,F) — C171(B,F) by
KO Vpy...p,-1) = 2 (=D OWUpipo)..opwp..v(6,-0)-
Now we claim the following formula holds
v — " =6K + K&.

Indeed, take a cochain w € C4(il,%), and an intersection of open covering
Vio...Bq> then it’s easy to see

Y — M) Vpy...5,) = 0OWUyigo).. (8,0 — O U g(o)...5,))-

Now let’s compute 6 Kw as follows:

SK(0)(Vp,..p,) = Z(—l)iK‘U(Vﬁo...E...ﬁq)

_ _1\it+J .
_;j( D w(U¢(ﬁ0)...¢(ﬁi)...(P(,Bj+1)w(/3j+1)---w(ﬁq))

part I

_1)itJ —
+i§:j( D w(U¢(ﬁo)...<!>(ﬁj)1//(ﬁj)...w(ﬁj)...w(ﬁq))'

part II
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Similarly we have Kéw as follows

K60(Vp,...p,) = 2 (~1Y 80Wep(po)...o8w(6))...u6,)
J

_ _1\it+J -
_;( 1) w(U¢(ﬁ0)...(P(,Bi)...(P(,Bj)w(ﬁj)...w(ﬁq))

J/

part TIT

_1)it+J .
+ ;( D™ o 0,088, 5B v(B)

J

part IV

+ ;w(Uﬂﬁo)...tp’(-\ﬁj)w(ﬁ j)...w(ﬁq>)-

J

part V

Note that part I cancels with part III, since if you fix i, you will find j-th
terms of part I and part III are equal but differ a sign. Similarly you can
find part II and part IV almost cancel each other, but

part I +part IV = ; ~OW g0)...p B )W BB ) (B )

~ S

part VI

and it’s clear to see that

part V+part VI = o(Uyg)..yp,)) — ©Uppy)...8,))
as desired. This completes the proof. 0

Thus for two different open coverings 4l,°B such that ‘B is a refinement
of i1, there is a natural homomorphism

fus: H*'(U,F)— H*(B,F).
Furthermore, if there are three open covering such that ¢ is a refinement
of B, and ‘B is a refinement of {{. then we have
fue = fus © fse.

If we give a partial order on set of all open coverings, that is, il <5 if and
only if B is a refinement of i, then {H* (L[, F), fysxs} is a direct system.

Iv)eﬁnition 3.3.2. The direct limit of direct system {H* (4, %), fyss} is called
Cech cohomology of X with values in the presheaf %, that is,

H*(X,Z):=limH"{,%).
U
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3.3.2. Comparison theorem for Cech cohomology.

Proposition 3.3.1. Let & be a sheaf on X and U = {U;};c; be an open
covering of X. For every intersection U;,. ;,, we always use j to denote the
inclusion U;, ;, — X. Then

0—F —[[jZlu, —[1j:Flv,, — ..
2 1,]

is a resolution of %, which is called Cech resolution.
Proof. Proposition 4.17 in [Vo0i02]. 0

Definition 3.3.3. Let & be a sheaf on X and U = {U;};c; be an open cover-
ing of X. Then & is called to be acyclic on 4, if H/(Uj,..;,,%) =0 for all
q >0 and iy,...,ip € 1.

Theorem 3.3.1. Let & be a sheaf which is acyclic on the open covering
U ={U;}ier of X. Then there is an isomorphism

H*§, F)=H (X, ).

Proof. Let .#° be a flabby resolution of &%. For each p =0, let 0 — P — #P>*
be the Cech resolution, which is also a flabby resolution, since .#? is flabby
and flabby is stable under direct image. Then H*(X,%) = H*(X,.#°) is
given by the total cohomology of the double complex I'(X,.#°*).

By the assumption, the E1-page of spectral sequence given by the second
filteration is

EP CiU,&F), p=0
1 0, p>0.

In particular, the spectral sequence degenerates at Eo-page and

H*X,Z)ZH"(X,.#*)= H* (U, F).

3.3.3. Comparison theorem for hypercohomology.

Definition 3.3.4. Let & ° be a complex of sheaves and U = {U;};c; be an
open covering of X. The Cech hypercohomology H(4l,%*) is defined to
be the total cohomology of the following double complex
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AN

A

N

. — CPULFIy —— e (U, ) —— .

AN

A

N

. — CPU,FI) —— CPI(U,FT) —— ...

AN

A

N

Theorem 3.3.2. Let &° be a complex of sheaves such that each 9 is
acyclic on the open covering i = {U;};cr of X. Then there is an isomorphism

H*(U,Z°) =H (X, Z°).
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4. ALGEBRAIC AND ANALYTIC GEOMETRY
4.1. Algebraic and analytic variety.

Definition 4.1.1. A complex algebraic variety® is a topological space X
together with a sheaf Ox such that

(1) There exists a finite open covering {U;};c; of X such that each U; to-
gether with Ox|y, is isomorphic to some affine variety over C with its
sheaf of regular functions.

(2) The diagonal A of X x X is closed in X x X.

Definition 4.1.2. A complex analytic variety®* is a topological space X

together with a sheaf Ox such that

(1) There exists an open covering {U;};c; of X such that each U; together
with Ox|y, is isomorphic to some analytic subset® in C" equipped with

sheaf of holomorphic functions.
(2) The topology of X is Hausdorff.

Definition 4.1.3. Let X be a complex algebraic variety.

(1) A point x € X is called non-singular if Ox , is a regular local ring.
(2) X is called smooth if every point in X is non-singular.

4.2. Algebraic and analytic coherent sheaves.

4.2.1. Definitions. Let X be a topological space and <« a sheaf of rings on
X.

Definition 4.2.1. A sheaf of «/-modules % is said to be coherent if

(1) & is of finite type.

(2) If s1,...,s, are sections of & over an open subset U € X, the sheaf of
relations between the s; is of finite type.

Proposition 4.2.1. Every coherent sheaves is locally isomorphic to the
cokernel of a homomorphism ¢: /9 — /7.

Proof. Proposition 2 in [Ser55], n°12. [l

Definition 4.2.2. Let X be a complex algebraic variety. The sheaf of Ox-
modules is called an algebraic sheaf.

3in the sense of [Ser55], n°34.

4in the sense of [Ser56], n°2.

5A subset U of C" is analytic if for each x € U, there are functions f1,..., fz, holomorphic
in a neighborhood of W of x, such that U n W is given by the zero locus of f;(z) = 0, where
i=1,...,k.
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Definition 4.2.3. Let X be a complex analytic variety. The sheaf of Ox-
modules is called an analytic sheaf.

Definition 4.2.4. Let X be a complex algebraic variety. An algebraic sheaf
is called coherent if it’s a coherent sheaf of Cx-modules.

Definition 4.2.5. Let X be a complex analytic variety. An analytic sheaf
is called coherent if it’s a coherent sheaf of Ox-modules.

Theorem 4.2.1 ((Car53]). Let X be a Stein manifold® and & be an coherent
analytic sheaf on X. Then

HIX,%)=0
for all g > 0.

Theorem 4.2.2 ([Ser55]). Let X be an affine variety and % be an coherent
algebraic sheaf on X. Then

HY(X,7)=0
for all ¢ > 0.

4.2.2. The analytic variety associated to an algebraic variety. Let (X,0x)
be a complex algebraic variety equipped with Zariski topology. Then there
is a complex analytic variety structure on X, and X together with this
complex analytic structure is denoted by (X*",0Oxan).

Example 4.2.1. If X is a smooth complex algebraic variety, then X?” is a
complex manifold.

Example 4.2.2. If X is the affine space of dimension n, then X%* = C".

Example 4.2.3. If X is a smooth affine variety, then X" is a Stein mani-
fold.

Definition 4.2.6. Let & be an algebraic sheaf on X. The analytic sheaf
associated to % is defined by

F"=*F = \F 8,1, Oxon,
where €: X%" — X is the identity map, which is continuous.

Example 4.2.4. 6%" = Oxan.

Proposition 4.2.2.

(1) The functor " is an exact functor.
(2) If & is a coherent algebraic sheaf, then %" is a coherent analytic sheaf.

Proof. Proposition 10 in [Ser56], n°9. O

6A complex manifold is called Stein if it can be embedded into some C .
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4.2.3. Homomorphism induced on cohomology. Let X be an complex alge-
braic variety and €: X%* — X be the identity map. Let & be an algebraic
sheaf on X. If U is a Zariski open subset of X, and s is a section of & over
U, one can consider s as a section of s’ of e"1L.Z over the open subset U?" of
X% and a(s’) =s' ®1 is a section of F" = ¢ 1.F ® Oxan. The map s — a(s’)
is a homomorphism

e:TWU,F)—-TW*",F).
Now let 4l = {Uj}ier be a Zariski open covering of X and thus {U7"} forms
an open covering of X“"*, which we denote by 1*".

For all induces iy,...,iq4 €I, there is a canonical homomorphism

e:TWU;,n...U;,,F)— F(Ul‘-f)” ﬂ...U?q”,ga”),

and hence a homomorphism

€: C*" (WU, F) — C* (U, FM),
This homomorphism commutes with the coboundary §, and so defines, by
passing to cohomology, the homomorphisms

e: H* (U, F)— H* (U, F").
Finally, by passing to the direct limit over [, one obtains the homomor-
phisms induced on cohomology groups
4.1) e: H'(X,F)— H* (X", F").

Remark 4.2.1. These homomorphisms also induce homomorphisms between
hypercohomology groups of complexes of sheaves.

4.2.4. GAGA principle.
Theorem 4.2.3 ([Ser56]). Let X be a projective variety. For any coherent

algebraic sheaf on X, the homomorphism in (4.1)
e: H'X,Z)—- H (X", F)
is an isomorphism.

Theorem 4.2.4 ([Ser56]). Let X be a projective variety. If & and ¢ are two
coherent algebraic sheaves on X, every analytic homomorphism of %" to
4 comes from a unique algebraic homomorphism of & to 4.

Theorem 4.2.5 ([Ser56]). Let X be a projective variety. For every coherent
analytic sheaf ¢ on X?", there exists a coherent algebraic sheaf on X such
that %" is isomorphic to 4. Moreover, this property determines & up to
isomorphisms.

4.3. Algebraic de Rham complex.
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4.3.1. Kdahler differentials. Let R be a C-algebra.

Definition 4.3.1. The module of Kahler differentials of R over Cis a R-

module Q}{ /> together with a derivationd: R — Q}e ,c satisfies the following

universal property: For any R-module M and any derivation d': R — M,
there exists a unique R-module morphism f: Q}E ,c — M such that d' = fod.

Remark 4.3.1. The module of Kahler differentials of R over C can be con-
structed as free R-module generated by the symbol {df | f € R}, and to
divide out by the submodule generated by all expression of the form

(1) dc for all ce C.
(2) d(cf +g)=cdf +dgforallceC,f,geR.
(3) d(fg)=fdg+gdf for all f,g€R.

Example 4.3.1. If R = C[x1,...,x,], then
n
Qp/c = PRAx;.
i=1
Proposition 4.3.1. Let R — S be a surjective morphism of C-algebras with
kernel I. Then there is an exact sequence of S-modules
I/I* - S®r Qp/c — Qg — 0,

where [f]€ I/I? maps to 1®df € S®r Q..

Proof. See Theorem 25.2 in [Mat86]. 0]

Corollary 4.3.1. Let R = Clxy,...,x,] and S = R/I, where I = {f1,...,[s)-
Then there is an exact sequence

2 1

4.3.2. Sheaf of Kahler differentials. Let X be a complex algebraic variety
of dimension n.

Definition 4.3.2. The cotangent sheaf Q}( is the sheaf of Ox-modules
defined by

1 — 0l
Qx W) :=Qg wye

on affine open subsets U.

Definition 4.3.3. The tangent sheaf J is defined by Tx = 52(QL ,0%).

Definition 4.3.4. The sheaf of k-forms Qé"’( is the sheaf of Gx-modules
defined by the wedge product A* Q}(.
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Definition 4.3.5. The derivation d: Ox — Q}( extends to a complex
ox Lol Loz % Lo

which is called the algebraic de Rham complex.

Theorem 4.3.1 ((Har75]). Let X be the affine space of dimension n. Then
0—C—I(X,0x)—T(X,Q))— - —T(X,Q%)—0
is an exact sequence of C-vector spaces.

Theorem 4.3.2. The algebraic variety X is smooth if and only if Q}( is
locally free of rank n.

Proof. See Theorem 8.15 in Chapterll of [Har77]. [
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5. LOCAL SYSTEM AND INTEGRABLE CONNECTION

In this section we always assume X is a complex manifold and .szf}lg is the
locally free sheaf of smooth p-forms.

Definition 5.1. A sheaf 7 on X is called a locally constant sheaf of rank r
valued in C, if for each point x € X, there is an open subset U containing x
such that 7|y is constant sheaf C".

Remark 5.1. In other words, there exists an open covering {U,} such that
Vly, is isomorphic to constant sheaf C". Then the local system 7 is com-
pletely determined by the transition functions gup: Uy — GL,(C), which
are locally constant functions.

Definition 5.2. Let & be a locally free sheaf on X. A connection is a
C-linear map

ViE— A2 ®E
satisfying the following condition
V(p®e)=dp®e+ Ve
for all sections e of & and ¢ of Ox.

Remark 5.2. The definition of V extends to V: o/y ® & — d)’fl ® & by defin-
ing

Vivee)=dw®e+(—1)Pw A Ve
for all sections w of d;; and sections e of &.

Remark 5.3. Let {e,} be a local frame of &. For any section s = s%¢, of &,
one has

V(s%,)=ds%e, +5%Ve,.
Thus the connection V is completely determined by
Ve, = wge B>
p

where w, are 1-forms, which forms a (smooth) 1-form valued matrix w.

Definition 5.3. A connection V is integrable if its curvature V2: & — .sz@%@
& vanishes.
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Remark 5.4. Let {e,} be a local frame of &. For any section s = s%e, of &,
one has

V2(s%,)=V(ds®®e, + s“a)g ®ep)

=—ds“ /\wg®eﬁ+d(s“w§)®eﬁ—s"‘wa/\w7ﬁ/®ey

= s“(dwg —wl A w$)® ep,

Vi(eq) = V(wh @ ep)

:dwg@)eﬁ—wg/\Veﬁ
:dwg®eﬁ—w§/\w%®ey

= (dwg —-w), /\wf)@eﬁ.
This shows V2 is a global section of ,Qf)% ® Endﬁx(é"), which is locally given
by dw —w A w.

Definition 5.4. A locally free sheaf together with an integrable connection
is called a flat bundle.

Proposition 5.1. Let V be a integrable connection on locally free sheaf &
on X. Then the horizontal section &V~ is a local system.

Proposition 5.2. Let 7 be a local system on X. Then the locally free sheaf
& :=0x ®V together with canonical connection V¢, (f ® ) :=df ® s is a flat
bundle.

Theorem 5.1. The functor (&,V) — &Y= is an equivalence between cat-
egory of flat bundles and the category of the complex local system with
quasi-inverse ¥ — (Ox ® V', V¢an).

Proposition 5.3. Let 7 be a local system on X. Then
H*X,7)=2H" X,y V).
Proof. Note the following complex of sheaves
07 -y ®V

gives a resolution of 7 by coherent sheaves. U
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Part 2. Comparison theorems
6. GROTHENDIECK’S VERSION

6.1. Introduction. In this section, we will prove the following comparison
theorem.

Theorem 6.1.1 ([Gro66a]). Let X be a smooth complex variety and X" be
the underlying complex manifold. Then there is the following isomorphism

H*(X",C)=H"(X,Q%),
where ()% is the algebraic de Rham complex.

The following is the sketch of the proof. Firstly we use Cech cohomology
arguments to reduce to the case X is a smooth affine variety, and then
we embed X into some smooth projective variety Y by j: X — Y, since for
smooth projective variety, there is GAGA principle (Theorem 4.2.3) which
relates algebraic geometry and analytic geometry closely.

To be precise, let X be an smooth affine variety. Then its projectivization
X gives a projective variety, but it may admit some singularities. By Hiron-
aka’s resolution of singularities ((Hir64]), there is a surjective regular map
n:Y — X, where Y is a smooth projective variety such that 771(X — X) is
a simple normal crossing divisor’ D c Y, and the restriction 7|y_p is an
isomorphism.

The proof of the affine case is divided into the following three steps.

(1) Firstly, we establish the following two isomorphisms.

Theorem 6.1.2. There is an isomorphism between hypercohomology
groups
H*(Y,j.Q%) =EH"(X,Q%).

Proof. Let U ={V,};c; be an affine open covering of Y. As j is an affine
morphism, the direct image j.()% is a complex of coherent sheaves on
Y, and thus by Serre’s theorem (Theorem 4.2.2) and Theorem 3.3.2, one
has
H*(Y,j.Q%)=H*(5,.Q%).

On the other hand, U = {V; n X},¢; is also an affine open covering of X
as X is affine and the intersection of affine varieties is still affine. By
the same argument one has

H*(X, Q%) = HEL Q).
A divisor D is called a simple normal crossing divisor, if locally there exists a

coordinate {z1,...,2,} on X such that D is defined by the equation z; ...z, = 0 for an integer
r which naturally depends on the considered open set.
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This completes the proof, since by definition one has

H*(0,j.Q%) = H,Q%).

Theorem 6.1.3.
H*(Yan,]*nQX(m) ~ H (Xan G:)
Proof. Since there is Cartan’s theorem (4.2.1) which is the analytic anal-
ogy of Serre’s theorem, so by the same argument as above we can prove
H* ", j3" Qxan) = H (X, Qxan).
On the other hand, by holomorphic Poincaré lemma Q%,, gives an res-
olution of constant sheaf C, and thus H*(X%",Q%.,) = H xer ). O

(2) Secondly, by using direct limit arguments and GAGA principle to prove

the following isomorphism.
Theorem 6.1.4.
H*(Yany.]* QXan) = IH] (Y J*QX)

where ;7' Q% 1= (7. Q%) is exactly the sheaf of sections of Q%.,, that
are meromorphic along D.

Proof. For each p, one has _]*Q hm Qp (nD), where Qp (nD) is the
sheaves of p-forms on Y which are regular on X and admlt poles along
D with order < n. Similarly one has ;7 QXan = hm ann(nD).

On the other hand, direct limit commutes with cohomology (Proposi-
tion 2.9 in ChapterlIlIl of [Har77]). Then for any ¢, one has

HIY™, jmQb,,) = HI(Y ", thYa,,(nD))

=HIYY, th y(nD))

EHQ(Y,J*Qg}).

This gives an isomorphism between E {-page of spectral sequences, which
is compatible with the differentials in the spectral sequence, and thus
it gives the isomorphism between E ,,-page (Proposition 2.3), that is,

H* (Y, T Qan) SH (Y, . Q).

(3) The key step is to prove the following isomorphism



ALGEBRAIC DE RHAM COHOMOLOGY 35

Theorem 6.1.5.
[H]*(Yan,.]* QXan) =H (Yan7.]*nQXan)

In a summary, we prove the following diagram.

H*(Y,j.Q5) 22 H*(X,0%)

6.1.4\L

|

|

|

an ;m@qye !

[H] (Y s J s QXan) :
l

|

6.3.2\L

H* (Y7, 19" Q0n) —2— H*(X",0).

6.2. Reduce to affine case. Let X be a smooth complex variety and il =
{U;}ier be an affine open covering of X. Since coherent sheaves are acyclic
on affine pieces (Theorem 4.2.2), the algebraic de Rham complex Q% is
acyclic with respect to 4, and thus by Theorem 3.3.2 one has
H*(4,Q%) =2 H (X, Q%).

Similarly, since coherent sheaves are acyclic on Stein manifolds, there is
the following isomorphism

H* (e, Qan) EH (X, Qan).
Note that the E;-page of spectral sequences converging to FH* (L, Q%) is

Ei”q :Hq (CP(U,Q%))
H Hq(T(UlO iy Q%)

LO} ,
= H HYT(U,...,, Q%)
105e-0slp
where the last equality holds since Uiy..ip, 18 affine, and thus Q% is acyclic
onUj,. ; b Similarly the E1-page of spectral sequences converging to F*(w1em, Q Q¥an)
is
(BP9 =HI (CPE™, Qkan))
= H Hq(r(U?On L ’ Xan))
105ee0sip
= H HIUM . ,0).

. 10.. l 2
105-slp

The proof of the affine case shows the following map

€: [H]*(Uio...ip, )—> H (U:lon ip’ Xan) H (Uan C)

L()l’
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is an isomorphism, and it also commutes with differentials in spectral se-
quences. By Proposition 2.3, it induces an isomorphism between the E .-
pages, that is, an isomorphism

H*(X,Q%) = H*(X",0).
6.3. Logarithmic differential forms.

6.3.1. Logarithmic differential forms. In order to prove the key step, firstly
we introduce the differential forms with logarithmic poles along some sim-
ple normal crossing divisor in this section. Let Y be a complex manifold
with a simple normal crossing divisor D and j: X =Y -D —Y.

Definition 6.3.1. The sheaf of differential 2-forms with logarithmic
poles along D, denoted by Qé";(logD), is the subsheaf of j’*"Qé”( defined by
the following condition:

o If a € T(U, Q%) for some open subset U €Y, then a € I'(U,Q% (logD))
if and only if @ admits a pole of order at most 1 along D, and the same
holds for da.

Lemma 6.3.1. Let {z1,...,2,} be a local coordinate on an open subset U <
Y, in which D nU is defined by the equation z1...z, = 0. For convenience
we denote

5= dz;/z;, j=<r
7 dz;, j>r,

and for I ={j1,...,jz} <{1,...,n} with j; <--- < j,, we denote
6r=06j, N---Nbj,.
Then Q’;(logD)lU is a sheaf of free Oy -modules with basis {61} 7=z
Proof. Lemma 8.16 in [V0i02]. ([l

Corollary 6.3.1. The sheaves Qée,(logD) are sheaves of locally free Oy-
modules.

Proof. Corollary 8.17 in [V0i02]. O
6.3.2. The proof of the key step. Note that there is a natural inclusion
(6.1) Qy(logD) < j.Q%,

which is compatible with differentials.

Theorem 6.3.1. The morphism (6.1) is a quasi-isomorphism.
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Proof. In order to show Jfk(Qg,(logD)) = 7% J«Q%) for each k, it suffices
to check it stalk by stalk. If x € X, it’s easy to show that

(A*(Qy (log D))y = (A5, Q5))x = C

unless £ = 0 by holomorphic Poincaré lemma.

Now suppose x € D, so without lose of generality we may assume Y =
Dq x---x D, is a polydisk of dimension n and D ={(z1,...,2,) | 21...2, = 0}.
Thus X =Y —-D =D7] x---xD; xDpy1 x---x D, retracts onto the product of
circles T, = (S')" = [1;<, 0D; and the cohomology of such a product of circles
T, is given by

HYT,,0)=C"

k
H*(T,,C)= NHXT,,0),

where the second equality can be obtained by Kiinneth formula easily.

Firstly, let’s prove the morphism (6.1) induces a surjective map in co-
homology. For closed 1-forms w; = dz;/z; € F(Y,Q%,(logD)), their integrals
over the circles 0D, satisfy

/ wi:2nv—16ij,
oD ;

and thus the classes of these forms generate H'(T,,C). The exterior prod-
ucts wy = Ajejw; € F(Y,Q}f,(logD)) also generates the cohomology of T, in
degree k since H*(T,,C) = A* HL(T,,C). This proves surjectivity.

For the injectivity, we need to show that if any closed a € F(Y,Q’f,(logD))
is d-exact in I'(Y,.Q%) = I'(X,Q5%), then it’s d-exact in F(Y,Q’f,(logD)).
The proof of injectivity is based on the induction on r.

If r = 0, the statement holds from the holomorphic Poincaré lemma. Now
assume the statement holds for » — 1. For any a € T(Y,Q’;(logD)), we de-
compose it into

_dz,

a=

ANB+Yy,

2r

where dz, does not occur in §, and the coefficients of 8 are independent of
zr, while v is holomorphic in z,.

(1) If a is closed, one has

da = dz,

AdB+dy=0.

2r
Note that y is holomorphic in z, and the coefficients of § are indepen-
dent of z,, so it leads to df =0 and dy = 0.
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(2) If « is d-exact in ['(X,Q%), say a =da, then we decompose as
AP+ 77) =

By the same reason we have § and y are d-exact in I'(X,Q%).

dz, dz,

a:daz:d( AdS +dy.

Zr r

Now suppose a € F(Y,Q’;(logD))) is closed and write @ =dz,/z, A f+7.
Since v is closed and holomorphic in z,, it may be regarded as a closed
holomorphic k-form has logarithmic poles along D' ={z|z1...2,_1 =0}, and
thus by induction hypothesis it’s d-exact in I’ (Y,Q]f,(logD)). By the same

argument one can show dz,/z, A B is also also d-exact in F(Y,Q’f,(logD)).
This completes the proof. 0

On the other hand, there is also a natural inclusion
(6.2) Q3 (logD) < j7'QY%,
which is compatible with differentials.
Theorem 6.3.2. The morphism (6.2) is a quasi-isomorphism.

Proof. By the same reason we may assume X and Y as before, and as seen
above, the stalk of Jfl(Qg,(logD)) is generated by [dz1/z1],...,[dz,/z,]. Now
we prove the morphism (6.2) is a quasi-isomorphism by induction on r, and
the r = 0 case is clear.

Lemma 6.3.2. Let ¢ € I['(Y, j;”'Q?{) be a closed meromorphic k-form on Y
that is holomorphic on X. Then there exists closed meromorphic forms
Po € F(Y,jTQ’;I) and a; € F(Y,j;”Q’;(‘l), which have no poles along z,, and

N [al].

dz,
[p] = [ol + | =X
Z

r

Proof. Firstly we write

p=dz, Aa+p,
where a is meromorphic (£ — 1)-form and f do not involve dz,. Then let’s
expand a and B as Laurent series in z, as

1 4

a=ao+aiz,

-1 A
B=Po+ P12z, +--+ Pz,
where a; and B; for 1 <i < ¢ do not involve z, or dz, and are meromorphic
in the other variables, and ag, B¢ are holomorphic in z,, are meromorphic
in the other variables, and do not involve dz,. Thus

+-tapz,

r . .
Q=@+ |dz, A Z a;z, ' + Z Biz ' |,
i=1 i=1

r
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where ¢o = dz, A @g + fo. By comparing the coefficients of z;idzr and z, b
one can deduce from de,

day =dag+pr=daz+2f2=---=rp=0
dBi=dpe=---=dp=0,
and d¢o = 0. If we write
dz, " i —i
@ =@o+ Nay + er/\Zaizr +Zﬁizr
Zr =2 =1
It turns out
ay as ar
g=-—_2_ — —
zr 222 (r—1z;
satisfies
@ —@o— Na1 = do

O

Since @ and a; are meromorphic forms which do not have poles along
z, = 0, their singularities set is contained in the simple normal crossing
divisor z;...2,-1 = 0. By induction on r, the cohomology class of ¢y and ¢4
is generated by [dz1/z1],...,[dz,_1/z,_1]. This completes the proof. L]

Corollary 6.3.2.
H* (Y, 73 Qxan) EH (Y, j Qan).
Remark 6.3.1. There is also an analogy in the algebraic setting.

Theorem 6.3.3. Let X be a smooth complex algebraic variety and j: X —Y
be an inclusion such that D =Y — X is simple normal crossing. Then

H*(Y, Q3 (D)) = H* (Y, j.Q%).
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7. LOCAL SYSTEM VALUED VERSION

7.1. Introduction. In this section we will prove the local system valued
version of Grothendieck’s comparison theorem, and the ideas are almost
the same as before.

Theorem 7.1.1 ([Del70]). Let X be a smooth complex algebraic variety and
X" be the corresponding complex manifold. Let & be a locally free sheaf on
X equipped with a regular integrable connection V and 7 := (§*)V"=0 be
the local system of horizontal sections on the underlying complex manifold
X, Then there is the following isomorphism

H* (X, 7) 2 H" (X, Q5 (8)).

The ideas of the proof is the same as before. Firstly by the same argu-
ment we can reduce to the case that X is smooth affine with an embedding
j: X —Y, where Y is a smooth projective variety and D =Y — X. Then we
need to go through the following diagram

H*(Y, . Q3(8) +———— H*(X,Q5(8)
2|
H* (Y, 7 Qe
1|
H* (Y%, j4% Qyan (EYM) ——— H* (X, 7).

The proof of (1), (2) and (4) is the same as before, and the most difficult
step is to show the morphism of complexes

|
l
(&) l
i
|

.]’*nQ;(an(g) - J*Q%an(éa)

is a quasi-isomorphism. In this section, we will define the so-called Deligne’s
canonical extension & of & on Y%"*, and prove

Q5an(logDYE) — jT Qyan(E) — J4" Qyan(&)
are quasi-isomorphisms.
7.2. Local system valued logarithmic pole differential. For simplic-
ity, we write X,Y instead of X%* Y %", since we focus on the analytic set-

ting, and the simple normal crossing divisor D =Y — X is written as D1 +
c+ D,
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7.2.1. Residue map.
Definition 7.2.1. For every k = 1, the residue map along D; is a map

Res; : Q (log D) — Q- '(log(D - D))Ip,)

such that if ¢ is a local section of Q’;(logD), we write it as

dzi
p=P1+tPaA—:)
Zi

where @1 lies in the span of the 67 with i ¢ and @2 =} ;c;ard1-1;), then
Resp,(9) =) _arér-mp,.
Remark 7.2.1.
(1) Let & be a locally free sheaf on Y. Then the residue map extends to
Res; : O} (logD)(&) — Q' (log(D —D;)|p,)(&)
linearly.
(2) In particular, if £ = 1, the residue map along D; is a map
Res;: QF(logD)&) — Op, ® 8.
7.2.2. Residue of the connection with logarithmic poles. Let & be a locally
free sheaf on X and V be a integrable connection on &. Suppose that & is

given as the restriction of a locally free sheaf & on Y. Locally on X, the
choice of basis e of & gives a connection matrix I' € j*Q}((End(éo)), and a

change of basis e — ¢’ modifies T by a section of Q%,(End(g)). Thus the
“pole part" of I' depends only on & and V.

Definition 7.2.2. The connection V has at worst logarithmic poles along
D if the connection forms present at worst logarithmic poles along D.

Definition 7.2.3. The residue of the connection I' along a local compo-
nent D; of D is defined by

Res;(I) € End(&|p,),
which depends only on & and V.

Theorem 7.2.1. Let & be a locally free sheaf on Y and V be a integrable
connection on &|x which has at worst logarithmic poles along D. If the
residues of connection form I' along all components of D do not admit any
strictly positive integer as an eigenvalue, then

Q3 (logD)(&) — jI Q% (&)
is a quasi-isomorphism.

Proof. Proposition 3.13 in [Del70]. 0
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7.3. Regularity.

7.3.1. Regularity in dimension 1. Let @ be a discrete valuation ring of char-
acteristic zero, with maximal ideal m and field of fractions K. Suppose
that € is endowed with a free rank-1 &-module Q2 along with a derivation
d: & — Q such that there exists a uniformiser ¢ such that d¢ generates Q.

7.3.2. Regularity in dimension n.

Theorem 7.3.1. Let X be a smooth complex algebraic variety. Then the
functor & — &" gives an equivalence of categories between

(1) the category of algebraic locally free sheaf on X equipped with a regular
integrable connection,;

(2) the category of holomorphic locally free sheaf on X" endowed with an
integrable connection.

Proof. Theorem 5.9 in [Del70]. U
7.4. Deligne’s canonical extension. Notations as above.

Definition 7.4.1. A local system 7 on X is said to be unipotent along
D if the fundamental group 71(X) acts on this local system by unipotent
transformations.

Definition 7.4.2. A flat bundle (&,V) on X is said to be unipotent along
D iflocal system &V=0 is unipotent along D.

Theorem 7.4.1. Let (&,V) be a flat bundle on X that is unipotent along D.
Then there exists a unique extension & of & on Y such that

(1) The matrix of the connection V, in an arbitrary local basis of g, has at
worst a logarithmic pole along Y.
(2) The residue Res;(I') of the connection along D; is nilpotent.

Proof. Proposition 5.2 in [Del70]. U

Remark 7.4.1. In general, it’s still possible to make an extension of &. See
Proposition 5.4 in [Del70].

7.5. Proof of the theorem.

Proposition 7.5.1. The map
Q35 (logD)(&) — j. Q5 (&)
is a quasi-isomorphism.

Proof. Lemma 6.9 in [Del70]. [
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Part 3. Hodge to de Rham spectral sequence
8. CARTIER DESCENT THEOREM

8.1. Characteristic p geometry. In this section we assume £ is an alge-
braically closed field with positive characteristic p, F: k£ — & is the Frobe-
nius map and X is a smooth algebraic variety over k.

8.1.1. Absolute Frobenius map and relative Frobenius map.

Definition 8.1.1. The Frobenius map F', induces so-called absolute Frobe-
nius map F,ps: X — X, which is the identity on the underlying space of X
and the p-th power on the structure sheaf.

Remark 8.1.1. Let & be a sheaf of Ox-modules. The direct image (Faps)«F
equals & as sheaves of abelian groups, but the Ox-module structure on
(Faps)«F is given by f -s:= f? -s for any local sections f of Ox and s of &.

Definition 8.1.2. Let X be the base change of X given by the Frobenius
map F}, that is,

X(p)L)X
L,
k—L3 k.

By the universal property of base change there exists a morphism F: X —
X®) such that the following diagram commutes, which is called relative
Frobenius map.

X

S

I

F
B —L bk,
8.1.2. Connections in algebraic setting.

Definition 8.1.3. A k-connection on X is a pair (&,V), which consists of
the following data:
(1) & is a quasi-coherent Ox-module.
2)V:&— Q}( ® & is k-linear satisfying the Leibiniz rule

V(fs)=df ® s+ fVs.
Definition 8.1.4. For a k-connection (&,V) on X, the curvature of k-
connection (&, V) is defined by V2: & — Q‘%( ®8.
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Remark 8.1.2. The curvature Oy is Ox-linear, that is, Oy: A29x — Endg, (6).

8.1.3. p-curvature. In the case of positive characteristic, there is so-called

p-curvature which doesn’t appear in the zero characteristic case, since the
-th power map D — D? :=Do---0D gives a map between 9x — Jx.

p-th pow p o---0D giv p betw x— Ix

p times

Definition 8.1.5. The p-curvature of a k-connection (&,V) over X/k is

defined by
Yy: Ix — Endi(&)

D — (Vp)? —Vps».
Proposition 8.1.1. The p-curvature Wy is Ox-linear, that is,
‘Pv . f/—X e End@X(é’).

Proof. For sections f € Ox,s€ & and D € 9, one has
p

(VDP(fs)=) (’l’ )Di(f)(VD)p_i(S) =DP(f)s+ f(Vp) (s).

=0
On the other hand, it’s clear Vpr(f's) = DP(f)s + fVpe(s), and thus
Yv(D)(fs)=fPv(D)s).

O
Lemma 8.1.1. Let R be a ring with characteristic p >0. For a,b € R,
(1) (@ +b)? =aP +bP + Y77 si(a,b), where s; appears® in
p-1 :
(ad(ta + b)Y Ha)= Y isi(a,b)t".
i=0
(2) If {a™},,~1 are mutually commutative, then
(@b)P =aPbP +a(@P 1P Vp,
where
a™ :=(adb)*(a).
Proof. See [Kat70]. U

Proposition 8.1.2. Let (&,V) be a k-connection over X. If the curvature
Oy vanishes, then

(1) Yyv: 9x — Endpy (&) is additive.
(2) Wy: & — (Faps)* Q3 ® & is Ox-linear, that is,

Yy(fD)=fP¥v(D).

8For example, if p =1, then s1(a,b) =[b,al.
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(3) WyAWy: & — (Faps)* Q% 8 & is zero, that is, Wy is integrable.
Now let’s begin the proof of Proposition 8.1.2.

Proof of Proposition 8.1.2. (1). For sections D1,D9 € 9%, by using (1) of
Lemma 8.1.1 one has

(VD1+D2)p = (le + VDQ)p
=(Vp,)? +(Vp,)P +) si(D1,D3)
i

VD1+D9) = V(9P 1v2 45, 5:(D1,Dy)
= VDf + VDg + Z Vs.(D1,Dy)-
13
Then
VYy(D1+D2)=(Vp,+D,)’ =V +Dy)r = Yv(D1) + Py(D2).

(2). For any section f € Ox and D € 9y, by using (2) of Lemma 8.1.1, one
has

(fD)’ = fPDP + f(ad(D)* " '(fP"1)D
= fPD? + f(DP 1 (FP~H)D,
since ad(D)(fP"1)=Do fP~1 - fP=1D = D(fP~1). Thus
Vipy = [PVpe + F(DP (P ) Vp.
Applying (2) of Lemma 8.1.1 again, one has

(V)P =(f VD) = fFP(Vp) + f(ad(Vp)P (P 1)Vp
= fP(Vp)P + F(DP~L(FP~ V.

This completes the proof of (2).
(3). Let {x1,...,x,} be a local coordinate®. Then we write D1 = Y ;a;0; and
Dy =3 ;b;0j, where 0; is the dual of dx;. Note that

Yy(Dq) = \PV(Zaiai) = Zaf‘l’v(ai)

=Yaf (V0" - V)
=) al(Vy,)P.

9See Appendix B.
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Then
[WoD), YD) = | Y al(V5)P, Y bP (V)P
i J
=2} b2 [(Vo,)P,(Vo,)"]
ij
= (),
where the last equality holds since Oy = 0 implies Vj, Va; =V, Va;. O

8.2. Cartier descent theorem. In this section, we will prove the Cartier
descent theorem, which is a very basic theorem in characteristic p geome-
try.

Theorem 8.2.1 (Cartier descent theorem). There is a natural equivalence
of categories between the category of quasi-coherent Oy ()-module and the
category of flat k-connections (&,V) on X with vanishing p-curvatures. To
be precise, the correspondence is given by

(1) quasi-coherent Ox»-module &, it corresponds to the k-connection (F*&, V. an),
where the canonical connection V,,: F*&§ — Q% ® F'*& is defined by
Vean(e® f)=df ®e.

(2) For flat k-conenction (7, V) with vanishing p-curvature, the correspond-
ing quasi-coherent Oy,)-module is 7V="c 7.

Proof. For flat k-conenction (7,V) with vanishing p-curvature, the flat part
7V=0 is indeed a Oxm-module. For sections f € Ox» and s € 7V=0_ one has

V(f-s)=V(fP-s)
=d(fP)-s+f? Vs
=0.
Conversely, suppose & is a quasi-coherent sheaf on X?). Then
(F*&)Vn=0 =0y, 9 xyn EZE,

since ker{d: Ox — Q}(} = Oxp. Now it suffices to show V., is integrable
with vanishing p-curvature. The problem is local, so we may choose a local
coordinate {x1,...,x,}. Then

e Vian is flat if and only if Vs, Vo, = Vs, Vs, forall i, .

e Yy =0ifand only if (V5,)’ =0 for all i.
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9. DE RHAM DECOMPOSITION THEOREM OF DELIGNE-ILLUSIE

In this section, we assume £ is an algebraically closed field with positive
characteristic p.

9.1. Introduction. Let X be a smooth variety over k£ and F: X — X
denote the relative Frobenius map. Then

F.Q%:F.0x —F.Qx —F.Q% — ...
is a finite complex of coherent O »-module with O -linear differential.

Theorem 9.1.1 (Deligne-Illusie). Let X be a smooth variety over k. If X is
W (k)-liftable and dimy, X = n < p. Then there is a quasi-isomorphism

n .
(F.Q%, F.d) =P Q% [-il.
1=0

Remark 9.1.1.

(1) The condition of Wy(k)-liftable (Definition 9.1.2) cannot be removed,
and the first counterexample is given in [Ray78] by showing Kodaira’s
vanishing theorem fails in positive characteristic.

(2) The statement still holds for dim;, X = p, but it fails when dim; X > p,
see [Pet23].

9.1.1. Witt vectors of length two.

Definition 9.1.1. The Witt ring Wz(k) can be interpreted as the set & x &,
where the multiplication and addition for a = (ag,a1) and b = (bg,b1) are
defined by
ab = (aoal,boaf + blag),
and
p-1 p\ .

a+b=(ag+bo,ar+b1- ;p_l(t)af)bg_L).
Remark 9.1.2. In fact, the operations on Wy(%k) makes the ghost polynomial
®(ag,a1) = af) + pa; aring homomorphism.
Proposition 9.1.1. If k = Z/p Z, then Wy(k) = Z/p2 Z.
Proof Let[-1: Z/pZ — Z/p?Z be the Teichmiiller lifting, that is,

[0]=0
[i1=i (mod p)
[:J? =[i] (mod p)
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To be precise, if we write

[il=i+pa (mod pz),
then 1

a=—("—-1) (mod p).
The Teichmiiller lifting satisffes [a-b] =[a]-[b], but in general [a + b] #
[a]+[b]. Then the following map

a: Wo(k)— Z/p®Z

(@g,a1)— [aol + plail.

gives the desired isomorphism. O

Proposition 9.1.2. The set pWa(k) = {(0,a) | a € k} is a maximal ideal of
Wa(k), and the following sequence is exact

0— pWa(k) — Wa(k) — k — 0.
Proposition 9.1.3. The ring homomorphism Fyy,): Wa(k) — Wa(k) given

by (ag,a1) — (a‘g,all’ ) reduces to the Frobenius map F on £ modulo p.

Definition 9.1.2. Let X be a smooth variety over k. If there exists a flat
morphism X — Wy(k) such that the following diagram commutes

X — X xwpymk —— X

U |

k. ———— Wal(k),
then X/k is Wa(k)-liftable.
Remark 9.1.3. Not every smooth variety X/k is Wy(k)-liftable. In fact, there

is an obstruction in ob(a) € H%(X, Jx) such that ob(a) = 0 if and only if X/
is Wy(k)-liftable.

9.1.2. Cartier inverse operator.

Theorem 9.1.2. Let X be a smooth algebraic variety over & of dimension
n and F: X — X?) be the relative Frobenius map. Then there is a unique
isomorphism (called Cartier inverse operator) of graded Gy, -algebra

c: P, — P A F.QY),
1=0 1=0

which is determined as follows
(1) On the 0-th degree, the operator C~1: Ox ) — HOF Q%) is defined by
the morphism F*: O — F.0x, as #°(F.Q%) S F.0Ox.
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(2) On the 1-st degree, there is the following commutative diagram
-1. 01l 1 o
C (Q%p — K (F.Q%)
ZHF.QY)
such that C~1(dx’) = x?~1dx (mod &), where x € Ox and x' = n*x €
Oxw.

Proof. The key observation is the global map Oy — #1(F. Q%) defined by
sending x to x?1dx is a derivation, and thus it factors throught Qﬁm) by
the universal property, that is, the following diagram commutes

1 c!t 1 .
Q‘X(p) — K (F*QX)

-

Oxw

Now let’s prove this key observation. For arbitrary sections x,y € Ox, note
that
p-1(B)y
(x+yP =xP+yP+p ) ~alyP
i=1 P

Thus

p-1(®y
(x+yP ldx+y) =xPtdx+ yP Ly +d Y alyP T,

i=1 P

that is,

(x+y)Pldx+y) =2 dx+yP 1dy (mod BY).
On the other hand, a direct computation shows
(xy)? td(xy) = P (yP1dy) + yP(xP"1dx) (mod %)

This completes the proof of the observation. Now let’s check C! is an
isomorphism, we may assume X is affine, with local coordinate {z1,...,2,}.
For simplicity we firstly assume n = 2, then

F.0x =Oxw{z}'2? 10<i1<p-1,0<ip<p-1}
F.Qk =0y {22 ..} ©d21 8 Oxmiz} 2l | ...} @ d2y

F*in = @’X(p){zlllz;2} ®dz1 Adzs.
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In this case C~! is given by
c': Q) — A (F.QY)
dz; — zf_ldzi,
which is clearly an isomorphism. U

9.2. Explicit quasi-isomorphism. Let F: X — X® be the relative Frobe-
nius map for convenience.

9.2.1. Simple case. Firstly let’s consider the case that the relative Frobe-
rgus map lifts over Wa(k). In other words, there exists a morphism F: X —
X such that the following diagram commutes

X . X
yy F///\(

X l sy X

k

> Wa(k),

where X® is the base change of X given by the Frobenius map of Wy(k),
that is, (ag,a1) — (a‘g,all)).
. o . . ~. ~* 1 R 1
Consider the Ox-linear morphism dF': Ij Q O W) Q Wtk Then for
any local section x of O%(,), we may write F'*(x) = x” + pa, since F is a lifting
of F and F*(x) = x?. Therefore,
dF(dx) = d(F*x)
=d(x” + pa)
= p(xP " 1dx + da).

. it ~* 1
This shows dF(F QX@)/WZ(k)) c pQ

commutative diagram

1 .
XWok)’ and thus one has the following

N
b X0)/Wo(k)

L

x 1 s
F QX'(P)/WZ(k) b QX’/WZ(k)

(mod p)\L [P%]\LTXP

* M1 1
F*Ql, ——— Ok
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Thus we have construct the first order derivation of F along p, that is,

aF
i F Q%0 —

Ql.
[p] X

Proposition 9.2.1. The morphism F induces a morphism of complexes
n .
@ G%Qfx(p) —F.Qx
1=

such that it induces the Cartier isomorphism on the cohomology sheaf. In
particular, ¢ is a quasi-isomorphism.

Proof. Consider the following diagram

0 0

~
~
2

S

0 s Ol
@X(P) Qx(p) X ()

o =Fl p1= [%l ‘Pnl

F.0x —% F.QL B4, FLon.

~

For any i = 1, we define

Qfx(p) > F. Qé(

=| l;

A1 /\i(P i 1
ANQL == ATQL,

X
U

Remark 9.2.1. However, the Frobenius map seldom lifts. For example, let
X/k be a smooth projective curve of genus = 2, then for any Wa(k)-lifting
X of X, there is no Wy(k)-lifting of F: X — X?. Now let’s explain why
there is no such a lifting. Note that the operator dF/[p] induces a non-zero
morphism

*1 1
F* Q) — Qx-
Thus it gives a non-zero global section of (F*Qx»)Y ® Q}(. On the other

hand,
deg(F* Qx)’ ® Q) = —pdegQl, +degQ}
=2g-2)1-p).
This shows the degree of (F*Qx)" ® Q}( is non-positive when genus of X
is = 2, and thus it cannot admit a non-zero global section.
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On the other hand, by Theorem C 1, the obstruction of the lifting F
is given by a class ob(F) € Ext! Oz) = Extl(F*QX<p),@X) =

HYXP) F*Txw).

(8002 0 X(P)/W (k)’p

x®) s X (@)
yy 8o ///\(
_ . F
X l > X
k > Wa(k).

9.2.2. General case. Now let’s prove the Deligne-Illusie’s decomposition the-
orem.

Theorem 9.2.1 (Deligne-Illusie). Let X/k be a smooth variety over k£ such
that X is Wy(k)-liftable and dim, X = n < p. Then there exists an affine
open covering !l of X, and an explicit a quasi-isomorphism

n .
(p: @Q;((p)[_l] — C.(M,F*Qk)’
1=0

where C* (4, F.Q%) is the total complex associated to the Cech double com-
plex (C*(U, F.Q%),6,F.d).

Proof. Let 31 ={U;} be an affine open covering of X. Then by Remark 9.2.1,
over each U;, we may choose a Frobenius lifting F;: U; — ﬁgp ) X, By
the proof of Theorem C.1, we get the following commutative diagram by
restricting both F;and F itoU;nU;.

§i—¢;
Q;((p) — F. Ql

[

Oxw), ](F—; A Ou;»

where ¢; = (%F] and {h;;}is a Cech 1-cocycle representing the class ob(F) €

p
HYX,F* Txw). For convenience, we collect the above diagram as follows
hl] F* QX(p) @Uij
(9.1) dhij=¢;—¢;
hik = hij +hjk.
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9.3. Applications of de Rham decomposition.

9.3.1. Ei-degeneration. Let k be an algebraically closed field with char-
acteristic p > 0. In this section we will show that the decomposition of
Deligne-Illusie implies the E1-degeneration in characteristic p.

Theorem 9.3.1. Let X/k be a smooth proper variety which is Wy(k)-liftable
and of dimp; X = n < p. Then the Hodge to de Rham spectral sequence
degenerates at E1-page.

Proof Firstly, it’s clear dimy, H/(X ,Qé() < oo since X is proper. Note that

the relative Frobenius F: X — X® is an identity topologically. Then apply

the Leray spectral sequence to it, one has
H™(X,Q%) S HY(XP,Q

Let Qy — #° be an injective resolution. Then F.Q% — F..#° is still an
injective resolution since F' is an isomorphism as sheaves of abelian groups.
Thus

X(p))'

H*XP,F. Q%) =H*(T(XP,F,.9*)
=H*T(X,s°%))
=H"(X,Q%).
On the other hand, by the decomposition theorem of Deligne-Illusie, one
has

H*XP),F.Q5) = 0" (XP, P, [-il
1=0

n

H*_i(X(p)’QAiX(p))'

=0

Thus

n . .

dimy, H*(X, Q%) = ) dim;, H*/(XP, Q% )
=0
n . .
=) dim, H*'(X,Q%),

=0
where the last equality holds since 7: X P) _, X is a flat base change, and
thus 7°Q}, = Q;((p). This completes the proof. [

9.3.2. Kodaira-Akizuki-Nakano theorem.

Theorem 9.1. Let X/k be a smooth projective variety such that X/k is
Wa(k)-liftable and dimy X = n < p. Then for any ample line bundle £ on X,
one has . _

H/(X,Q%®£)=0
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for all i + j > n.
Proof given by M.Raynaud. Note that F* £~ =(£~1)?, then
P L P Poqyx ...
Then we project it
F.e?PElF (2 Peal)— ..
By the projection formula one has
F.4P=%"19F.0x
F (£ Pe0h)=2"10F.Qy.

One can find that F.V =id®F.d, and thus above complex is (FF.Qx,F.d)®
%71, By Deligne-Illusie’s decomposition one has

n .
Pail-ile £
i=0

Then
dimy, H* (@ Q4 [-il® £ = dim, H* (X, F..(£L 7P ® Qx))
=dim; H* (X, 2% ? 2 Qx)
< Y dimp H/(X,2 P eQY)
i+j=x
< Y dim H/(X,2 VP e Q})
i+j=x
Then by Serre vanishing one has
H/(X,0Le 2 1)=0
for all i +j <n. 0

9.4. From characteristic p to characteristic 0. In this section, we’re
going to show the following theorem.

Theorem 9.4.1. Let £ be a field of characteristic zero and X is a smooth
proper k-scheme. Then the Hodge to de Rham spectral sequence degener-
ates at E1-page.

There’re two methods to prove this, one is using the transcendental
methods over C, and the other is using the characteristic p method. But
before doing anything, we must “lower" the defining field of X and even ob-
tain an integral method of it. The following are some necessary algebraic
lemmas.
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Lemma 9.4.1. Let {A;};c7 be a direct system with direct limit A.
(1) If E is a A-module of finite presented, then there exists ip € I and E;,
is a A;,-module of finite presented such that
E; ® Aj, AZE.

Moreover, for a: E — F, an A-module morphism between finite pre-
sented A-modules, there exists a finite presented A;,-module morphism
aj,: Ej, — Fj, such that a;, ®4, A= a.

(2) Let f: X — S = SpecA is a finite presented morphism'®. Then there
exists ig € I and f;,: X;, — SpecS;, = SpecA;, such that the following
diagram is Cartisian

Moreover, if f is smooth/proper/projective, then there exists io € I, and
fio: Xi, — Si, such that f;, is smooth/proper/projective.

Proof. See [Gro66b]. 0
Now by above lemma, we may get a Cartisian diagram
X<4+—X
7l |
S <— Speck,

where X/S is smooth and proper, and S = SpecA for some finite generated
Z-subalgebra A < k. Therefore we can take an embedding A — C, and
consider

Xe —> X

d b

SpecC —— S.

Exercise 9.4.1. Let X/C be a smooth and proper variety. Then use Chow’s
lemma and the E;-degeneration theorem for smooth projective C-varieties
to show the Hodge to de Rham spectral sequence attached to Q2},, - degen-
erates at E-page.

X/C

Now let’s prove the key theorem for this section.

105 morphism of schemes f: X — S is said to be finite presented, if it’s locally finite
presented, quasi-compact and quasi-seperated.
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Proof of Theorem 9.4.1. As Speck is affine, we have
RY(f).Qk = H/(X,Q%).
By finiteness theorem of Serre, one has dim; H(X ,ng) < 00. Then by the
spectral sequence, one has
dim, H*(X,Q%) < Y. dim H/(X,Q%) < co.
i+j=n

Likewise, by the properness of £, both R/ f, QSE/S
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Part 4. Appendix
APPENDIX A. RESOLUTIONS OF SHEAVES

A.1. The ayclic sheaf. In practice it may be difficult for us to choose an
injective resolution, so we usual other resolutions to compute sheaf coho-
mology.

Definition A.1.1. A sheaf & is acyeclic if H'(X,%) =0 for all i > 0.
Example A.1.1. Every injective sheaf is acyclic.

Definition A.1.2. Let & be a sheaf. An acyclic resolution of % is an
exact sequence

0-F -S> gl - g2 —
where 7 is acyclic for all i.

Proposition A.1.1. The cohomology of sheaf can be computed by using
acyclic resolution.

In fact, it’s a quite homological techniques, called dimension shifting, so
we will state this technique in language of homological algebra. Let’s see a
baby version of it.

Example A.1.2. Let & be a left exact functor and 0 = A — M; - B —0
be an exact sequence with M7 is Z-acyclic. Then R**1.Z(A) = R*Z(B) for
i >0, and R1(A) is the cokernel of #(M1) — F(B).

Proof By considering the long exact sequence induced by 0 — A — M! —
B — 0, one has

R'FMY)— R'Z(B)— R""'#(A) —» R ZMM).
(1) If i > 0, then REF(M?') = RH1F (M) = 0 since M! is F-acyclic, and

thus R‘11.Z(A) = R'F(B) for i > 0.
(2) If i =0, then

0—>FMY— F(B)—R'FA)—0
implies R1.%(A) = coker{F (M) — Z(B))}.

Now let’s prove dimension shifting in a general setting.
Lemma A.1.1 (dimension shifting). If
0-A—-M'-M*—...-M™—-B—0

is exact with M is F-acyclic, then R Z(A) = R'Z(B) for i > 0, and
R™Z%(A) is the cokernel of F(M™) — F(B).
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Proof. Prove it by induction on m. For m = 1, we already see it in Example
A.1.2. Assume it holds for m < &, then for m = &, let’s split 0 = A — M! —

d .
M?— ... - M* =% B — 0 into two exact sequences

0-A->M'-M?>— ... > M* 1 - kerd, —0

0 — kerdy, — M* iB—»O.
Then by induction hypothesis, for i > 0 we have
R 1Z(A)= R F (kerdy)
R Z(kerd;) = R'F(B).

Combine these two isomorphisms together we obtain R¥** % A)= R'Z(B)
for i > 0, as desired. For i =0, it suffices to let i =1 in Ri*k-1g(A) =
R'% (kerd;), then we obtain

R*Z(A) = R'F (kerd;) = coker{F(M*) — F(B)}.
This completes the proof. 0

Corollary A.1.1. If 0 — A — M" is a F-acyclic resolution, then R'F(A) =
HY (F(M*)).

Proof. Truncate the resolution as
0-A-M'—-M'—~. . M1-B-0
0—-B—-M —M*"— .

Since we already have R'Z(A) = coker{Z(M'1) — Z(B)}, and F is left
exact, one has . .
F(B) = ker{F(M') — F(M'*1)}.
Thus we obtain
R'F(A) = coker{F (M'™1) - ker{F (M") — F (ML)} = H(F(M")).
O

A.2. The flabby sheaf. The first kind of acyclic sheaf we’re going to intro-
duce is flabby sheaf'!.

Definition A.2.1. A sheaf % is flabby if for all open U €V, the restriction
map F(V)— F(U) is surjective.

Example A.2.1. A constant sheaf on an irreducible topological space is
flabby.

11Some authors also call this flasque sheaf.
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Proof. Note that the constant presheaf on a irreducible topological space is
a sheaf in fact, and it’s easy to see constant presheaf is flabby. [l

In particular, we have

Example A.2.2. Let X be an algebraic variety. Then constant sheaf Zx is
flabby.

Example A.2.3. If & is a flabby sheaf on X, and f: X — Y is a continuous
map, then f,% is a flabby sheafon Y.

Proof. For V< W in Y, it suffices to show f..# (W) — f.Z(V) is surjective,
and that’s exactly
F(fTIW) — F (V).

Then it’s surjective since & is flabby. O]
Example A.2.4. An injective sheaf is flabby.

Proof. Let .# be an injective sheaf and V < U be open subsets. Now we
define sheaf Z;; on X by

ZW), WU
ZU = .
0, otherwise

where Z is constant sheaf valued in Z, and similarly we define sheaf Zy,.
By construction one has Z;;(W) = Z\,(W) unless W cU and W £ V. Thus
we obtain an exact sequence

0—Zy —Zy-

Applying the functor Hom(—,.#), which is exact, we obtain an exact se-
quence
Hom(Z;;,.#) — Hom(Zy,, #) — 0.

Now let’s explain why we need such a weird sheaf Z;;. In fact, we will prove
Hom(Z;,.#) = #(U). Indeed since ¢: Z;; — .# is a sheaf morphism. Then
if W £ U, then ¢(U) must be zero. If W = U, then the group of sections of
Z;(U) over any connected component is simply Z and hence ¢(U) on this
connected component is determined by the image of 1 € Z. Thus ¢(U) can
be thought of an element of .#(U). Now on any proper open subset of U, ¢
is determined by restriction maps. Hence Hom(Z;;,.#) = #(U), as desired.
The same argument shows Hom(Z;;,.#) = #(V), and thus we obtain an
exact sequence
JSU)—- #(V)—0,

which shows .# is flabby. 0
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Our goal is to prove a flabby sheaf is acyclic, but we still need some
property of flabby sheaves.

Proposition A.2.1. If 0 — &' L. 7 Y "~ 0is an exact sequence of

sheaves, and &' is flabby, then for any open subset U, the sequence

0— 7" zan"™ '@ - o

1s exact.

Proof. It suffices to show F(U) — %" (U) — 0 is exact. Here we only gives a
sketch of the proof. Since we have exact sequence on stalks for each p € U
as follows
0—g g Ygn_ g
p p p

Then for each s € #"(U), there exists ¢, € &, such that y,(¢,) = slp, so
there exists open subset V,, €U containing p and ¢ € % (V}) such that w(¢) =
sly,. If we can glue these ¢ together then we get a section in #(U) and is
mapped to s, which completes the proof. However, they may not equal on
the intersection. But things are not too bad, consider another point ¢ and
t' € (V) such that y(t) = sly,, (¢~ Dlv,nv, e kery(V,nVy) =imp(V,NV,).
So there exists t" € #'(V, nV,) such that

o") =" =Dy, v,

Now since &' is flabby, then there exists ¢ € #(V},) such that t"'|y v, = t".
And consider ¢+ ¢(t"") € Z(V,), which will coincide with ¢ on V, nV,. After
above corrections, we can glue ¢ after correction together. 0

Proposition A.22. If 0 - %' - % — %" — 0 is an exact sequence of
sheaves, and if %' and & are flabby, then Z" is flabby.

Proof. Take V < U and consider the following diagram
0 — F'U) — FWU) — F"U) — 0

|
L | oo
0 — F' (V) —> F (V) — F'"'(V) —> 0
Then the desired result follows from five lemma. O
Proposition A.2.3. A flabby sheaf is acyclic.

Proof. Let & be a flabby sheaf. Since there are enough injective objects in
the category of sheaf of abelian groups, there is an exact sequence

0-F—-9-2-0
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with . is injective. By Example A.2.4 we have .# is flabby, and thus by

Proposition A.2.2 we have 2 is flabby. Consider the long exact sequence

induced from above short exact sequence
FX)—IFX)—2X)—H'(X,%) - H'(X, ) — ...

Note that H'(X,.#) = 0 since .¥ is injective, and thus acyclic. Then HY(X, %) =
coker{#(X) — 2(X)}. But Proposition A.2.1 shows that #(X) — 2(X) is
surjective since % is flabby, so H Ix,7)=0.

Now let’s prove H*(X,Z) = 0 for k > 0 by induction on %, and above ar-
gument shows it’s true for £ = 1. Assume this holds for £ < n, and consider

- H"YX,2)- H"X,%)— H"X,9)— H'(X,2)— ...
By induction hypothesis, we can reduce above sequence to
+>0-H"X,%)-0—-H"(X,2)—...
which implies H*(X,%) = 0. This completes the proof. 0]

A.3. The soft sheaf. The second kind of acyclic sheaves is called soft sheaves,
which is quit similar to flabby.

Definition A.3.1. A sheaf ¥ over X is soft if for any closed subset S € X
the restriction map #(X) — Z(S) is surjective.

Remark A.3.1. For closed subset S, the section over it is defined by
F(S):= lim F(U)
ScU

Parallel to Proposition A.2.1 and Proposition A.2.2, soft sheaf has the
following properties:

Proposition A.3.1. If 0 — &' L.z Y. 2" - 0is an exact sequence of

sheaves, and &' is soft, then the following sequence

0—7'X) " 200" 2'x) -0

1s exact.

Proposition A3.2. If 0 - %' - % — %" — 0 is an exact sequence of
sheaves, and if &' and & are soft, then %" is soft.

Proposition A.3.3. A soft sheaf is acyclic.

So you may wonder, what’s the difference between flabby and soft since
the definitions are quite similar, and both of them are acyclic. Clearly by
definition of sections over a closed subset, we know that every flabby sheaf
is soft, but converse fails
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Example A.3.1. The sheaf of smooth functions on a smooth manifold is
soft but not flabby.

Lemma A.3.1. If ./ is a sheaf of modules over a soft sheaf of rings %, then
A is a soft sheaf.

Proof. Let s € 4 (K) for some closed subset K <€ X. Then s extends to some
open neighborhood U of K. Let p € Z(K uU(X \ U)) be defined by

)1, onK
p= 0, onX\U
Since Z is soft, then p extends to a section over X, then pos is the desired
extension of s. ([l

A.4. The fine sheaf. Another important kind of acyclic sheaves, which
behaves like sheaf of differential forms Qé”( is called fine sheaf. Recall what
is a partition of unity: Let U = {U;};c; be a locally finite open covering of
topological space X. A partition of unity subordinate to U is a collection of
continuous functions f;: U; — [0, 1] for each i € I such that its support lies
in U;, and for any x € X

Z filx)=1.

el
Definition A.4.1. A fine sheaf % on X is a sheaf of &/-modules, where <
is a sheaf of rings such that for every locally finite open covering {U;};c; of
X, there is a partition of unity

Y pi=1

1el
where p; € &/(X) and supp(p;) < U;.

Remark A.4.1. For a sheaf & on X and a section s € #(X), its support is
defined as

supp(s) :={x € X : s|, #0}.
Proposition A.4.1. A fine sheaf is acyclic.

Proof. Let & be a sheaf of «f-modules and a fine sheaf. And choose a injec-
tive resolution
0-g-L g0 4 g0 4 414

such that .#* are injective sheaves of «f-modules. Let s € .#2(X) such that
ds = 0. Then by exactness of injective resolution we have X is covered by
open subsets U; such that for each i there is an element ¢; € .#2~1(U;) such
that dt; = s|y,. By passing to a refinement we may assume that the cover
{U;} is locally finite. Let {p;} be a partition of unity subordinate to {U;}.
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Then we have ¢t =) pit; € #P~1(X) such that d¢ = s. This completes the
proof. 0

Example A.4.1. Let M be a smooth manifold and 7n: E — M be a vector
bundle. Then the sheaf of smooth sections of E is a C*°(M)-module sheaf,
which is a fine sheaf. In particular, the sheaf of tangent bundle, sheaf of
differential forms Qs and k-forms wa are fine sheaves.

Remark A.4.2. As a consequence, it’s meaningless to compute cohomology
of sheaf of differential k-forms, or any other vector bundle over a smooth
manifold. But in complex version, something interesting happens. Let
(X,0x) be a complex manifold and 7: E — X be a holomorphic vector bun-
dle. Then the sheaf of holomorphic sections of E is not a fine sheaf since
there is no partition of unity may not be holomorphic, so the cohomology of
holomorphic vector bundle is not trivial, and that’s what Dolbeault coho-
mology computes.

Lemma A.4.1. Any fine sheaf is soft.

Proof. Let & be a fine sheaf, S € X closed and s € #(S). Let {U;} be an open
covering of S and s; € #(U;) such that

silsnu; = slsnu;-

Let Uy = X - S, and sg = 0. Then {U;}[[{Up} is an open covering of X.
Without lose of generality, we assume this open covering is locally finite
and choose a partition of unity {p;} subordinate to it. Then

EIZZPi(Si)

is a section in % (X) which extends s. [l

Remark A.4.3. Until now, we have shown that soft, fine and flabby sheaves
are acyclic. Lemma A.4.1 shows fine sheafis soft, and by definition a flabby
sheaf is soft. The Example A.3.1 shows that soft sheaf may not be flabby,
and constant sheaf on an irreducible space is flabby but not fine. In a
summary, we have the following relations:
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Acyclic
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Soft
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APPENDIX B. LOCAL COORDINATES ON ALGEBRAIC VARIETY

B.1. Smooth, unramified and étale morphism.

B.1.1. Smooth morphism.

Definition B.1.1. Let f: X — Y be a morphism of schemes. It’s said to
be locally finite presented if for all x € X, there exists an affine open
neighborhood x € SpecA € X, and affine open neighborhood f(x) € SpecB <
Y such that f(x) € V with the following property

X A N

) )

SpecA ——— > SpecB

[

SpecBlt1,...,ts],

where I =ker(B[tq,...,t,] — A) is finitely generated.

Definition B.1.2. A closed immersion i: T — T betwgen schemes is said
to be a first order thickening if the ideal .# of T in T satisfies .#2 = 0.

Definition B.1.3. A first order thickening 7' — T is said to be affine first
order thickening if both 7' and T are affine.

Example B.1.1. Let R be a ring and R[e] = R[x]/(x?). Then X; = SpecR|[e]
is an affine first order thickening of X = SpecR, where the closed immer-
sion X — X is induced by the R-algebra morphism

Rle]— R
e—0.

Definition B.1.4. Let f: X — S be a morphism of schemes. Then f is said
to be smooth if

(1) f is locally finite presented;

(2) For every diagram
X
L
T — T — 8,

vghere T — T is an affine first order thickening, there exists a morphism
T — X such that the following diagram commutes
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ﬁX
Pt

lf
T — 738

Remark B.1.1. A morphism is smooth is equivalent to say Homg(T,X) —
Homg(T',X) is surjective for any affine thickening T'— T'.

Definition B.1.5. A S-scheme X — S is said to be smooth, if the mor-
phism X — S is smooth.

Proposition B.1.1.

(1) The smoothness is a local property.
(2) The smoothness is preserved by base change.

Example B.1.2. The projective space P is a smooth S-scheme.

Example B.1.3. Let X be an affine plane curve over a field £ defined by
f € klx,y], that is, X = Specklx, yl/(f). Consider the following diagram
p

X
o _-T l
Speck —— Speckl[e] ——> Speck.

Note that p = (a,b) corresponding to a point in k2 such that f(a,b) = 0.
Then a lifting 0 of p corresponds to a £-morphism

0" : klx, yI(f) — klel
such that 6*(x) = a + ue,0*(y) = b + ve with u,v € k? satisfying
f(la+ue,b+ve)=0.

Since €2 = 0, we conclude from the Taylor‘s formula that

0 0
f(a+ue,b+ve)= —f(a,b)u + —f(a,b)v €.
0x o0y
Thus, a lifting 0 of p = (a,b) corresponds to a pair (z,v) € £2 such that
0 0
—f(a, bu + —f(a, b)=0.
0x oy

Intuitively, it’s a tangent vectors of X at p.

Remark B.1.2. Incidentally, if a morphism Speck[e] — S is to be seen as
tangent vectors of S, then smoothness of a morphism X — S implies every
tangent vector of S can be lifted to X, and that’s how a “submersion" is
defined in differential geometry.
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Theorem B.1.1. If X is smooth S-scheme, then Q}( /g 1s a locally free sheaf
on X.

Proof. See 17.2.3 of [Gro66b]. [

Theorem B.1.2. Let ¢: X — Y is a S-morphism between S-schemes. If ¢
is smooth, then

* 1 1 1
0= ¢ Qy)g = Qyjg = Qyyy — 0
is exact and locally split.

Proof. See 17.2.3 of [Gro66b]. 0

B.1.2. Etale morphism.

Definition B.1.6. Let /: X — S be a morphism of schemes. Then f is said
to be unramified if

(1) f is locally finite presented;

(2) For every diagram
X
ﬁ lr
T — T — 8,

where T — T is an affine first order thickening, there exists at most
one morphism 7' — X such that the following diagram commutes

X
at
A
T s T s S,

Definition B.1.7. A morphism f: X — S is said to be étale if it’'s smooth
and unramified.

Proposition B.1.2. Let ¢: X — Y be a morphism of S-schemes locally of
finite presentation and assume X is smooth over S. Then ¢ is étale if and
only if (p*Q%,/S — Q%(/S is an isomorphism.

Proposition B.1.3. Let 7: X — S be an étale morphism and p € X such
that x;(,) = x,. Then the morphism of local rings g ;(,) — Ox , induces an
isomorphism

O3 n(p) = Ox p-
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B.2. Local coordinates on algebraic variety.

Definition B.2.1. Let X be an S-scheme and p € X. An étale S-chart of
X at p is a family (x1,...,x,) of sections of Ox in a neighborhood U of p
such that the induced S-morphism

x=(x1,...,%,): U — Ag
is étale.

Theorem B.2.1. Let X be a smooth S-scheme and p € X. If (x1,...,x,) is a
family of sections of Ox in a neighborhood U of p, then

(1) (x1,...,x,) defines an étale S-chart at p;
(2) (dxq,...,dx,) trivializes Q}(/s in a neighborhood p.

Corollary B.2.1. An S-scheme X is smooth if and only if every point of X
admits an étale S-chart.
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APPENDIX C. DEFORMATION THEORY
Let i: T — T be a first order thickening and .# be an ideal of T in T.

Theorem C.1. Let f: X — S be a smooth morphism and gg: T — X be a
morphism such that the following diagram commutes

80 X
ﬁl’c
T 3 T > S
Then

(1) There exists an element ob(g) € Extl(g(’; X/S,J) such that ob(gg) =

if and only if there exists a S-morphism g: T — X such that goi=gy.
(2) If ob(go) = 0 then the set of all liftings g of g¢ is an affine space under
Hom(gyQy /S,J ), which is called torsor.

Theorem C.2. Let f: X — T be a smooth morphism. Then
(1) There exists an obstruction ob(f) € Ext2(Q Xy f*#) such that ob(f)=0

if and only if there exists a smooth lifting X of X over T, that is, the
right part of following commutative diagram is Cartisian, and «a is an
isomorphism.

X 5 Xx;T —> X
\fl l
T —— T

Remark C.1. The isomorphism « is also part of data of the lifting, and
two lifting X7 and X5 of X over T are said to be isomorphism if there is
aT- isomorphism between X, and X, which is identity on T'

(2) Suppose ob(f)=0. Then
(X1 X is a lifting of X over T}

is an affine space over Ext'(QL ,.#).

(3) Fix a lifting X. Then
Aut(X) = Hom(QX/Y,f F).

X/Y?
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