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4. DIVISORS ON TORIC VARIETY

4.1. Some backgrounds. Let X be an irreducible variety. A prime divisor
D C X is an irreducible subvariety of codimension one. Any prime ideal D
will gives a subring of rational function field C(X) as

Oxp ={¢ € C(X) | ¢ is defined on U C X open with U N D # o}.

A simple observation is that if U C X is an open subset such that UND # &,
then Ox p = Oy unp. This shows we can reduce to the affine case when we
consider the ring Ox p. Suppose X = Spec R for an integral domain R and
given a prime divisor D = V(p). Then

OX7D - Rp
is a local ring.

Example 4.1.1. Let X be the affine space C = Spec C[z| with rational
function field C(z). Then the prime divisor {0} = V/(z) has the local ring

Oc {0} = Clz](a),
which is a DVR.

Remark 4.1.1. More generally, for a normal variety X, the local ring Ox p
for a prime divisor is a DVR.

For convenience, in the remaining of this section, we always assume the
variety X is normal. Let Div(X) denote the free abelian group generated by
the prime divisors on X. A Weil divisor is an element in Div(X). Moreover,
any f € C(X)* gives a Weil divisor

div(f) ==Y wpn(f)D,
D

where vp is the valuation of DVR Ox p and the sum” is over all prime

divisors D C X. Such a divisor is called a principal divisor, and the set of
all principal divisors is denoted by Divy(X).

Let D =), a;D; is a Weil divisor on X and U C X be an open subset.
Then

D|U = Z a;UND;
UND;#%
is a Weil divisor on U called the restriction of D on U.

A Weil divisor D on X is called a Cartier divisor if there exists an open
covering {U;}ier of X such that D|y, is principal in U; for each i € I. If
Dly, = div(f;) for i € I, then {(Uj, fi)} is called the local data for D. The
group of Cartier divisors is denoted by CDiv(X).

The class group Cl(X) is defined by Div(X)/Divg(X) and the picard
group is defined by Pic(X) = CDiv(X)/Divo(X). In general these groups
are not easy to compute, here we list some results.

4A fact is that the sum is finite.



TORIC VARIETY 13

Theorem 4.1.1. Let R be a UFD and X = Spec R. Then CI(X) = 0.
Example 4.1.2. CI(C") = 0 since C[zy,...,z,] is a UFD.

Theorem 4.1.2. Let U be an open subset of a normal variety X and
Dy, ..., D be the irreducible components of X \ U that are prime divisors.
Then the following sequence is exact

S
P zD; — ClX) - CIU) -0,
j=1
where the first map sends };a;D; to its divisor class in C1(X) and the
second map is restriction.

For relations between Weil divisors and Cartier divisors, a fact is that if
X is a smooth variety, then every Weil divisor is a Cartier divisor, and the
converse statement also holds for a toric variety Xy, that if, if every Weil
divisor of X is a Cartier divisor, then Xy is smooth.

Finally we introduce the sheaf of a Weil divisor D on X, denoted by
Ox (D), which is defined by

U Ox(D) :={f € C(X)" [ (div(f)p)lv = 0} U {0}.
In fact, it’s a coherent O x-modules.

4.2. Weil divisors on toric varieties. Let X5 be the toric variety of fan
in Ng with dim Ng = n. In this section we will use torus-invariant prime
divisors and characters to give a lovely description of class group of Xy.

4.2.1. The divisor of a character. By the orbit-cone correspondence, p €
(1) gives the codimension one orbit O(p) whose closure O(p) admits a

codimension one toric subvariety structure by Proposition 3.2.1. Thus O(p)

gives a Ty-invariant prime divisor on Xy. To emphasize that O(p) is a
divisor we will denote it by D, for convenience. Then D, gives the DVR
Oxy,,p, with valuation

vp: C(Xx)" = Z.
Recall that any ray p € ¥(1) has a minimal generator u, € p N N, and also
note that when m € M, the character x"": Ty — C* is a rational function
in C(Xyx)* since Ty is Zariski open in Xy.

Proposition 4.2.1. Let u, be the minimal generator of ray p € 3(1) and
x™ be a character corresponding to m € M. Then
vp(X™) = (M, up).

Proof. Firstly we extend u, to a basis e; = p,ea,...,e, of NV, and then we
may assume N = Z" and p = Cone(e;) C R". Then the corresponding
affine toric variety is

U, = Spec((C[azl,x;E, .. ,xf]) =C X(C*)”_l,
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and D, NU, is defined by 21 = 0. Then as we have seen in Example 4.1.1,
one has

Oxs.p, = Ov,u,np, = ClT1,. ., Tn)(z)-
For f € C(xy1,...,2,)%, the valuation v,(f) is given by v,(f) = ¢ when

f= xﬁ%, g, h € Clan,. .., zn] \ (z1).

Then the formula for v,(x™) can be seen from

" = J}Ymel) . '.’I,'§Lm7e"> _ l{m,u/ﬁ . _xilm,ew‘

O

Proposition 4.2.2. For m € M, the divisor of character x" is given by
div(x™) = Z (m,up)D,.
pEX(1)

Proof. Note that D, are irreducible components of X \ T, and x™ is non-
zero on Ty. Thus div(x™) is supported on (J,e5 1) D) and thus

div(x™) = Z v,(xX™)D, = Z (m,up)D,,.
peS(1) peS(1)
|

4.2.2. Computing the class group. Divisors of the form ZpEE(l) a,D, are
precisely the divisors invariant under the torus action. Thus

Divyy (Xs) = @ ZD, C Div(X)
peS(1)
is the group of Ty-invariant Weil divisors on Xs.
Theorem 4.2.1. There is the following exact sequence
M — Divy, (Xx) — Cl(Xx) — 0,

where the first map is m +— div(x") and the second sends a Ty-invariant
divisor to its divisor class in Cl(Xy). Furthermore, one has the following
exact sequence

0 — M — Divy, (Xy) = Cl(Xy) — 0
if and only if {u, | p € (1)} spans Ng.

Proof. Since the D, are the irreducible components of Xy \ Ty, then by
Theorem 4.1.2 one has the following exact sequence

DiVTN (XE) — CI(XE) — CI(TN) — 0.

Note that Clzy,...,z,] is a UFD, the same is true for C[zT, ..., zE] since
UFD is preserved under localization. This shows Cl(Tx) = 0 since the
coordinate ring of Ty is isomorphic to C[xf, ...,xF]. As a consequence,

one has Divy, (Xx) — Div(Xy) is surjective.
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The composition M — Divy, (Xyx) — Cl(Xy is clearly zero since the first
map maps m to the principal divisor div(x™). Now suppose D € Divy, (X))
maps to 0 in Cl(Xyx). Then D = div(f) for some f € C(Xx)*. Since the
support of D misses T, this implies div(f) = 0 on T, and thus f is in fact
a character Ty — C*. Since all characters of Ty are of the form cy™ for
some m € M, this shows

D = div(f) = div(ex™) = div(x™)

as desired.

Finally, suppose m € M with div(x™) = Zpez(l) D, is the zero divisor.
Then (m,u,) = 0 for all p € ¥(1), which forces m = 0 if {u,} spans Ng.
This gives the desired exact sequence. Conversely it’s also easy to see if the
sequence is exact, then {u,} spans Ng. O

Example 4.2.1. The fan of the blowup of C? at the origin has ray generators
u; = e1,uz = eg and ug = ey + eg, corresponding to the divisors Dy, D2, Dyg.
Then the class group is generated by the classes of the D; with the following
relations

0~ diV(Xel) = D1+ Dy

0~ diV(Xe2) = Dy + Dy.
Thus the class group is Z with generators [D;] = [Dz] = —[Dy].

Example 4.2.2. The fan of projective space P™ has ray generators given by
uy = —e1—---—epand uy; = ey, ..., u, = e,. Thus the map M — Divp, (P")
can be written as

Zr — 7"t
(a1, ... an) = (—a1 — - — an,a1,...,an).
Using the map
"t~ 7
(boy ..y bn) = bo+ -+ + by,
one gets the exact sequence
072" = 2" 57 -0

which proves Cl1(P") = Z.

Example 4.2.3. The fan of Hirzebruch surface 7}, has ray generators given
by u; = —e1 + reg, us = eg, uz = e1,uqs = —ez. The class group is generated
by the classes of D1, Dy, D3, D4 with relations

0~ diV(Xel) =—Dy1+ D3
0~ diV(X€2) =rD1+ Dy — Dy.

Thus Cl(J) = Z x Z.
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4.3. The sheaf of a torus-invariant divisor. Let D be a Ty-invariant
divisor on a toric variety Xs. In this section we will give descriptions of the
global sections H%( Xy, Ox,.(D)).

Proposition 4.3.1. If D is a Ty-invariant Weil divisor on Xy, then
HO(XE’OXE(D)) = @ C-x™
div(x™)+D>0

Proof. Suppose f € I'( Xy, Ox (D)), then div(f)+D > 0 implies div(f)|r, >
0 since D|r, = 0. Then one has f € C[M], that is,

['(Xs, Ox, (D)) C C[M].

Moreover, I'( Xy, Oxy, (D)) is Ty-invariant since D is Ty-invariant. By The-
orem 1.2.2 one has

['(Xy,Ox, (D)) = &y Cx™.
x"€l(Xxz,0xy (D))
Since ™ € I'( Xy, Ox, (D)) if and only if div(x™) + D > 0, as desired. O

Remark 4.3.1. For D = 3 a,D, and m € M, div(x™)+D > 0 is equivalent
to

(m,up) +a, >0
for all p € ¥(1). If we define
Pp ={m e Mg | (m,u,) > —a, for all p € £(1)},
then above proposition can be written as
H(X5,0x,(D)) = € Cx™
mePpNM

Example 4.3.1. In Example 4.2.2 we show that Cl(P") = Z, and thus
divisors D1, Ds, ..., D, corresponding to the ray generators give the same
sheaf, which is denoted by Opn (1), and similarly the sheaves given by kD;,
where k € Z, is denoted by Opn (k). For D = kD, a direct computation

shows that
(%)
Pp = k<0
kA, k>0,

where A, is the standard n-simplex.
If we think characters as Laurent monomials ¢™ = ¢{* ...t%" where m =
(a1, ...,ay). It follows that

By considering the homogenization of such a polynomial, one has

HO(P", Opn(k)) = {f € Clzo,...,x,] | f is homogenous with deg(f) < k}.
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Example 4.3.2. In this example we compute the effective cone of Hirze-
bruch surface 7. Recall Example 4.2.3 implies that the classes of { D2, D3}
gives a basis of C1(%) = Z2. For divisor D = aD3 + bDs, the picture of Pp
is given by

x=ry

[ t

This shows Pp N M # @ if and only if @ > 0 and b > 0, and thus the
effective cone of 7. looks like

\\\
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